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PART-1

¢s of Matrices : Symmetric, Skew-Symmetric and Ort
Typ Matrices, Complex Matrices. o

CONCEPT OUTLINE : PART-1

of Matrix : An arrangement of mn numbers in the form

Definition S
ofm horizontal and n vertical lines is called a matrix of type m by n or
otder mXxn.
2 2 3],
ForExamPle: 10 2 is a 2 x 3 matrix and

['au a2 ... 0G1p

ag1 Q@22 - @ |,
. . . | isanm x n matrix.

_aml amz a’nn

ose of aMatrix : Givena matrix A, then the matrix obtained
by changing itsrows into columns and columns into rows is called the
transpose of A and is denoted by A’ or AT.

es of Matrices :
Symmetric Matrix : A square matrix is said to be symmetric if

Transp

' A=A

[1 35
For Example: A= -3 2 7
' |5 7 3

ymmetric Matrix : A square matrixis called skew symmetric

Skew S
ifA'=—A.
[0 1 -3
For Example: A= -1 0 5
3 5 0

of a Matrix : A matrix in which complex

Complex Conjugate
d by its corresponding conjugate complex

elements are replace
alled complex conjugate of that matrix. It is denoted as A.

numbersis ¢
1+i 2+3¢
For Example : If A=[ 9 3i J
_ [1-i 2-3i
Then A= l: 2 —3iJ

Hermitian Matrix : A square matrix A is said to be Hermitian if

(Ay =AorA'=A.




o T~
Mathem?tlcS' A square matrix A is said to be skey
trix ¢

Y P
‘Al).?,rll_rg,’-:,;

——itian M@ il 4
Skew H e’:‘f’(_), _ _AorA v matrix A is called orthogong) it e 0 0
Hermiti®® L atrix : A 597 L={b ¢ 0| bealowers
Oﬁh(‘f‘z{ A squareé matrix 4 18 said to he unitary 4 Pet d e f Ower triangular matrix
AA' = Sl s S
Unitary MatrX .
= A - d U = 0 0 C'

be an o )
sero leading diagonal element.
2 5 - 7 a 0 0 0 bv a, “ b' '

) " ¢ 15 -13 6 d e fllo o 0 d e f
: 3 gcpress the following matrix as the sum of a symmetyj, - Equatiog the corre,;s;lm)ondix;g elements on hoth sides, we get,
;eé é ’ ! = N =~ yO=— ,C=12, = = _,
B .symmetricmatﬂx’ a=2b'=5¢ ¢=hd=15e=13f-¢
and a skew-SyIE 171 % 0 B 05 7
9 3 4 L=1{-9 120andU=004
5065 15 -13 ¢ 00 o
1 1 3
L ey A=|2 2 g/|,show that A= 0,
3 4|-.A=| 730 -1 1 -3
. trix is A= 2 sidd =
Given matrix1 & 0 5 145
1 B is symmetric andCisaskeW~Symmetﬁ°9“/‘;m: 11 311 1 3
Loasa 9/—; 3 2 A=AA=|2 2 6ll2 2 &
Then, = —(A+A)= -1 1 3{{-1 a -
5 s . Lps 1 1 -3
+2-3  1+2-3  34+6-
0 5/2 -2 o
“la-a=|-5r2 0 2 =|2+4-6 2+4-6 6+12-18
C=§(A—A)= - " . -1-2+3 -1-2+3 -3-6+9
19/2 3 0 5/2 -2 099
=2 i - i =0 0 0|=0, where O is a null matrix.
A=B+C=19/2 3 2|+[-5/2 0 2
; 000
3 25 2 -2 0
e . coso. sina |
2 5 -7 14. | Show that the matnxA:Lsinu c“uXmorﬁ\ogmﬂ-
Express|-9 12 4 | asthe sum of alower triangular
15 -13 6

Ax _' wer

matrix and an upper triangular matrix with zero leading diagonal. A is orthogonal if AA' = A'A =1



MathematiCS'I ' s,
coso —SinO S%\
A= |gina cosQ U

cosa Sino||cosa —sgj
- AA'= . . Slnig
_sina cosa|sina cosq

_ cos o Sin a+sin a cos O‘J

coS
- sin a+cos? o
s

cosa —Sino || COSQ 8in g
A= . ;
A sino cosa |[—sina cos (x]

cosza+sin2a cosasina—sinacos(xJ 1o
i cosasina—cosasina cos2a+sin2a =[0 1J=1
Since AA'= AA=1, hence A is orthogonal.
0 2B ¥
E.m Determ:ne the value of o B,y when [a B -, ]
. a -p y
orthogonal.
Answer | '
0.2 v //
Let, A=la B -7 h
o -B Y
Ais orthogonal if, AA'=AA=1
[0 a o
a=2p b P
LYy - Y
0 28 v 0 a o
at=la p -v[[2 P P
a -p v LY "V 7
g2y 277 _op2+y?

2p2 —y2 a2+ﬁ2+y2 az_ﬁz_yz

2
_op?+y? oP-pR-y” o2 +p2+7°

o e A a1 1 AANT

Matrices

4 2+y2 982 _ 42

ﬂz 2 zB v _2[52+y2 1

2ﬁ —Y a +B2+Y2 (1,2_32_ " 0 0

'2ﬁ2+72 o'~ p* —y? a2+BZ+Yz =10 10
: . Y

quating the corresponding elements, we get 001

E
4pz+yz=1} 1
=B=*+t—= _ 1
ZBZ—Y2=0 P JE’Y-i—a
and +pi+y=1
1
B=i_ = L
As =1 =t

then prove that A is

3 2+3i 3-5i

1 (Conjugateof A)= |2=3i 5
3+50 1 7

3 2-3i 3+5i
Then B=(2+3i 5 i
. 35 -i T

3 248 3-5
5 -i |=B

=B (Say)

Now (B)=|2-3
3450 I 7

Bis Hermitian i€ A is Hermitian.

Que 1.7- I Express the Hermitian matrix:
I R i

i 0o 2-3i
1-i 2+8i 2 .
arealskewsymmemc

symmetric and Qis

asP+iQ wherePisa real

matrix.

Answer |



1+ 101 0 i
1+0: 0-1 ; 1
A=| 0+ 0+0i 2-3t| = 0 0 2(+il1 5 .
1-i 2+3 2+00 12 2 a4 3 ;
A=P+iQ
101 | o & 1
_|o 0 2 isareal symmetricmatrixand@=| 1 b
WhereP—Y {22 L !
isa reai skew symmetric matrix.

11 1
- 2 it
>1.8. | ShowthatA= T 1 v o | isa unitary matriy, Whey,

Wekn;;vthat,co2+w+1=0

Here by quadratic formula, |
- + /- .
m__li«/l 4x1_ 1+-3 o l,if
- 2x1 2 2ty
2 - ( 1 l\/—\
and o

-3+
(_%J "'Lh/_)

N

237

(Take positive sign)
wz=-%_f§ | (o #=-y
11 1]
So, dedly 1,08 1 W
3 2" 2 2 2
1B 1 i3
2 2 279
1 1 1]
A-Ll)) 18 1 i3
V8|7 272 T3t
;1 1 @ _l_“/g
L 2 2 T35

1)
1 1 1
A°=(A)'=L1 1 J—
e
1 —l+£ 1 i3
2 2%y
So,
1 1 1 1 1 .
1 1 1 —l+i—3 _l_ﬂ 1 i3 ;
AAO:TEX 3 2 .2 2 2 |1 2Ty -1§+%
y 1 B 1 i "
2 2 2+7 1 -—+£ 1 iJ3
2 2 97 2
3 o 0
3 1 3 .
“%B 4+ 2 44 27Tty
1 3 W8 13,08 444
0 1+Z 4 2 4 4 2 +Z+z+z+
- 0
3 0 300
12 1 1) 1 100
Sto g 13TE|Ta|0 % 0=lo 1 0|1
3 11 12 003} (001
01372 1

Since AA® = I, hence A is a unitary matrix.

. |a+ily -B+id
Show that the matrix : . "
&BH‘S u—iyx 18 unitary if

aeBreytedis

AKTU 2017-18, Marks 3.5|

a+iy —B+id
= B+id a-iy
— -y -p-id
A=[°l i }
B-id a+iy

— [a-iy B-id
,= &0 _[-—ﬂ—iﬁ a+in
For unitary matrix, AA® =1 :

o |o+iy -B+id o-iy B—ia}




-id) (a+iy)(ﬂ—i5)+(-ﬁ+.

(-P . ; )(
(- (-0 (ﬁ+l8)(B‘lS)+(q\iy) Q*iy)
a+®y) i) +@- ) . o (q*iy)]
‘[(ﬁ”&‘“ g 0 =[ ]:1
(Jt24‘3’2+ﬁ ' a2+ﬁ2+y2+82 01
= 0 :
. oo matrix
Hence Aisaumtar) B

o Matrix using Elementary Transf,

Mg
d Ran llity Theorem. o on
Jnverse an Rank-Nulity 17 .

OUTLINE : PART-2

Matri . lled i fSanle
A = I, then B is called inverse of A,

order such tha
B= AL . -
rties of Inverse:
P;opelf Aisinvertible then A
i (ABy'=BA7
il (A= @A7)
Elementacy Oper?twns . matrix are called elementary operationg .
The following operations ona ROk O .
. Interchange of two rows or two columns, e.g., B, &R, C « ¢
iLi Multiplication of a row or column by a non zero number K, eg,
KR orC. > KC
f&e:i;i)tion of K éimes tile elements of a row (or column) to the
- corresponding elements of another row (or column), K # 0, e.g.
R —)Rl+I(R3,R2—)R2_3R3101_')Cl+2.C3 :
Note: If we write R >R, +KR that means R, isreplaced by R, + Kk
times R,. . e
Rank of a Matrix : A number r is said to be the rank of a matrix A if
it possesses the following properties : .
i There is at least one square sub-matrix of A of order r whose
determinant is not equal to zero.
ii. Ifthe matrix A contains any square sub-matrix of order r + 1,
then the determinant of every square sub-matrix of A of order
r + 1 should be zero.

Therefore the rank of a matrix is the order of any highest order non
zero minor of the matrix,

Rank of a Matrix by Echelon Form : A Matrix A is said to be in
Echelon Form if :

i Every Tow of A which has all its entries 0 occurs b
row which has a non-zerg entry.

-1is also invertible.

elow every

« : If A and B be two square mm

Matﬁces

The first non zero entry in each nop ZEro row is equal to 1
e number of zeros before the first 101 zero element jp a‘mw
s less than the number of such Zeros in the pext

. The rank ofa matr’u.: in Echelon form is equal to
JeT0 TOWS of the matrix.

k by Normal Form (Flanonieal Form) .
anations any non Zero matrix canbe reduced to af
oper

no,-mal form, e.g.,

] 1, o
1, 1,0, [o 10 0

the pumber r denotes the unit matrix
n

Tow.
the number of

. of order r and this r js

Th ank of the matrix.
her
called t

. ':QueétioﬁsjAnswers ,

Long AnSW er Type and Medmm Answer Type Questions

ploying elementary row transformation.
em

|AKTU 2017-18, Marks 35|

0
0lA R,-R,-3
1




S

™ o )
=
A\
U=
& ©
- o
b
=
W
N
-4
-*
=

N o o
—_
|\

—

D= ; LN\\—‘ [S NN
(9%

2
100 1l
0 1 0| = _4 3 1 Ra\)%
2 2 2
I=A_1A
But 1 11
2 2 2
1= | 4 3 -1
HenCe, 5 _3_ —]___
? 22
3 -3 4
Find the inverse of the matrix A=12 3 4 by
0 -1 1

tary transformation.

employing elemen

[AKTU 2013-14, Markg 05']

1 Same 25 Q. 1.10, Page 1-10C, Unit-1.

1 -1 0
Al=|-2 3 -4
-2 3 -3

-3 2 &
IfA= [_ 1 0] then evaluate the value of the expression

51+24°), KT
(A + 51 +24-) |AKTU 2016-17, Marks 33

or |A]=2

-3 2
A= -
[-1 0] = |A|=1 32
-1 0

Matrices

m-1)

12C 5°

1- 1

0 ., [0 -2
rixofA=[_2 _3],adJA—[1 _3]

L_adiA ., 1[0 -2
A [A] 2|1 -3

petity ting the value of A, A and I in given equation,
Su ZA_1=F—32+510+20—2_20
A+5I+ -1 0] 7lo 1)72[1 -3| |0 2|°¥

prove that the point (x,,y)), (x,, ) and (x,, y,) are collinear

Cofactor mat

[, »n 1
x, ¥, 1]islessthan 3.

EA A 1 )

ank of the matrix

ifthe’”

e r;nk of the given matrix is less than 3, then the determinant of
f £ this matrix must be zero.

I
order 30

xl yl 1
i x, ¥2 1 =0 (113.1)
x3 3’3 1
Now the area of triangle W:}cmsey Verfices are (x,, ), (x,, ¥,) and (x,, ¥y
- 1 1
= 3% ¥ 1=0 (From eq. (1.13.1))
X3 y; 1 )

Since the area of this triangle is zero, so its vertices (x,, y ) (%5, 5,) and
(x, ¥y) aTe collinear.

Reduce A to Echelon form and then to its row canonical

(1 3 -1 2)
0 11 -5 3
form where A = 2 -5 3 1|° Hence find the rank of A.
4 1 1 5

[AKTU 2014-15, Marks 10|




Ry, >R, +R2:R4 S

R, —>R3—2R1,R4\)R

4\4R

R

4t p

By,

Find the rank of the matrix by reducing to n°1'1na]

— [t 7 g
0 11 = 3
=lg -11 B P
0 -11 5 -
;3 -1 2)
0 11 -5 3
900 00
o0 00
/13 -1 2 )
0 1 -5/11 3/11
o0 0 0
00 0 L
Using EchelonoI;J;H: Number of non-zero rows
P(A)=2'
(8 2 -1)
form[4 2 6
745

Given matrix

R3 —)R3 —(Rl +R2)

C, =C -C,

R,>R/2

R.‘% g R3 _Rl

2

1

4C (Sem~7 Matricey
1-1%° :
- 1 00
=lo -1 4 CZ—)CZ~2C1
_0 0 0 03—)C3+C1
100
=lo 1 0 C3—)C3+C2
000 T2 =05
_ “lo
Rank of matrix = 2
] Using elementary transformations, fing the rank of the
B ing matrix :
folloW -2 -1 3 -1
A=| 1 2 -3 -1
1 0 1 1
0 1 1
|AETU 2017-18, Marks 3.5]
[-2 -1 3 -1]
1 2 -3 1
A= 1 0 1 1
L0 1 1 -]
1 2 _3 -1]
_1-2 -1 3 -1
11 0 1 g RoR,
L0 1 1 -]
[1 3 <3 -]
0 3 -3 -3 R,>R,+2R,
0 -2 4 2 R,-R,-R
0 1 1 -1
[1 2 -3 -1
0 3 -3 -3
= R. >R -R,/
0 -2 4 2 s B
0 0 2 o]




Mathematics -1 - 15¢ (8
_ %
1808 S \ D
03 -3 -3 % 1-16C S
= o 2 O -
0 0_[ Rﬁ*zlg .
00 2 Iy
| 12 -3 -1 |
1o 8 -3 -3
=loo 2 0 R4\>R
00 0 O ‘8
12 -3 -1
01 -1-1 R |
=loo 1 0 R_hE
3\)]{a
o0 0 0 2
=3 '

Cayley

Condi
consiste
augment
Procedur

t the coefficient matrix be of type m x n

Number of non-zero rows
Rank of given matrix = 3
77 ] State Rank-Nullity theorem with example.

Ranﬂ-ﬁu]lity Theorem :
The rank-nullity theorem states that the rank and the nullity (g
8

dimension of the kernel) sum to the number of columns in g g,
en

matrix M. If there is a matrix M with x rows and y columns over 5 fielg

then :
rank (M) + nullity(M) =y

The rank-nullity theorem is useful in calculating either one b
: em1 y calculatj
the other instead, which is useful as it is often much easier to ﬁngtzﬁg

rank than the nullity (or vice versa).
Example : Consider the matrix :

A=( 3 1J
-6 -2 .
1

2]} can be reduced to

Here, the rank is 1, since the basis 3
-6/ =
o)
. The k i
=0 ernel of A is vectors such that Av = 0, which is a vector

Space spanned b { ( 1)1
y 0 and has dimencinn 1 IT-— 21 - -1 and

Now

Matrices

System of Linear Equations, Characteristi

s > e 3
.Hamr,.lton Theorem and its Applica tl'::tlg iEqmgwn,
Eigen Vectors, Diagonalisation of % iey alues and

CONGEPT OUTLINE : PART-3 ﬁ\

tion for Consistency : The system ]

nti.e., po.ssesses a solution if the coef‘t)‘fc;;“ta:;o:s- AX = Bis

ed matrix [AB] are of same rank. atrix A and the
e to find the Solution of AX=B:

Le
Write the augmented matrix [AB) and reduce it to Echelon form

by applying elementary row operation.
From the Echelon form we can find the rank of coefficient

3.
matrix A and the rank of augmented matrix [AB)

the following cases arise :
1 : If rank [A] < rank [AB], then the sysﬁem of equations is

Case .
inconsistent, t.€., they have no solution.
If rank [A] = rank [AB] =r (say), then the system of equations

Casell: - ;
AX=Bis consistent, i.e., they possesses a solution.
If r = n, then the system of equations has unique solution.

1.

9. Ifr<mn, th.en there will be infinite solution. Only n —r + 1
solutions will be linearly independent and rest of the solutions
will be linear combination of them.

Linear Dependen.ce and Linear Independence : A set of n-vectors
X, are said to be linearly dependent if there exists n scalars,

%as Koy asssos

1 27

@y, Qgyerely not all zero such that_a1x1+ QgXghernet @y = Oandifall a,,
a, are zero, vectors are said to be linearly independent.

Qgyeeee
Characteristic Matrix : Let A be any square matrix of order n and
» an indeterminate. The matrix [A — All is called the characteristic |
matrix of A where I is an identity matrix of order n. "\
\

a1-h e 1 O
| agy age-M i Gon
Also the determinant |A-A{ =} . ) ) i
am G2 ¢ Gun— A
is called the characteristic polynomial of A and the roots of this equation
are called the characteristic roots, latent roots or eigen values of A.
matrix A, then a non-zero vectar

If ) is a characteristic root of ann xn
x such that AX = \X is called a characteristic vector or eigen vector of
A corresponding to the eigen value .




1-17 C
(84
,

eore . Every square matrix Satisfigg ;
ton THe _ if for

trix A Ity
amil i asquarl'flma 1;1(_2 of order n, Oy
qﬂat}i;n_' C1r [A"+a, A +a, e s +a)
A-M|

G115, Solve by caleulating the inverse by elementay,, Yoy,
quel 8.

AL TAL LR =_4’x1

operations :

- +X
x;*’;z+xs+x4'0’x‘+x2 :

11 1 1 x] o
, 111—1x2] 4
AX=B=11 1 21 1 |x|-4
l~111x4j 2
X=A'B
We have, A=A
111 171000
11 1 -1 0100
[11-11=0010‘4
1-11 1] Jpogog1
1111 1 000
00 0 -2 -1100 Rz"’Rz"Rn
00 -2 9 =‘1010A R3_>R3‘R1
0-20 0] |-199, R, >R -R

T TR S s

18 C (Seln'l) : Matrices
10 0 o]
e
111 |- 2= o
Lo 01 |22 0 B> R,/(-2)
co10 |t o o4 EoRieo
> oo |2 2 R, SR /(-9
0 I o o =1L
|2 2
-1 1 1 1]
2 2 2 3
SHIEET
0 _
3 o10f [1 4, -1 o 4 BioR-BRyeRy
1 9 o 1
|2 2]
-1 1 1 1]
;o |2 2z 2
0 -
L9 L6 g2
0100 | 2 L2,
0 O 1 O - 1 0 __1 0 R2HR4
0001 2 2
3 ol
== 9
| 2 2 ‘)
I=A1A
-1 1 1 1]
2 2 2 2
_11[ 0
15 o -1 .
Thus x=|2
1 0 '_1 0 -4
2 2 2
1-1 4 5
L 2 J
( 1
x=|"1
2
|-2

Thus,x1=1,x2=-—1,x3=2,x4=—2

Que 1.19. , Test the consistency and hence, solve the following set

of arviiad®o .



S

Matrices

For no solution :

gredytER Y jon
on.
gs-3y-%*= o 80l ition.
cey=td i ynique * i
/1 i afinite pumber of solutions. | AKTU 2015-16, Marks 10|
T ik
r . i
4""’0” 0 10 3° b
g 2: 1 DA
B 3 .5 x+2y+32=10
A:Bl=|y _3 -1: r+HAz=H
1 2 O . 4 matrixform’
AP 11 1f] [
3 2 : 1 R 123y =19
=2_3—1:5 IHR“ lszéP
o 10 3:0 111: 6
"1 9 0: 4 c=lA:Bl=(1 2 3 : 10 B> By -F,
0 -3 2: -11 Rz‘)Rz\a 12X : BBy -Ry
=l -7 -1: '3 RS\)R"W}; !'1 1 1: 6
lo 10 3-.4 =[01 2: 4|R>R-R
1 20 : Ra—H‘Q-Z 01 A-1: u-6
_lo-3 2 -1 3k 11 1: 6
0o 0 -17/3 : 68/3 Rf’”ﬂ“?kz =01 2: 4
0o 0 29/3 : -110/3 0 0 A-3 : p-10
1
0

0: 4 ;
-3 2 -1l % g RA)#R (O
*lo 0 -17/3 : 68/3 11’4—)}!24.,.\}?3 | i.e.,73-3=0°‘:l'=.3and“'10¢0°r“*10'
177 | i Aunique solution:
0 0 0 : 2 [ R(A)=R(C)=3
plA) # p(A : B), equations are inconsistent. ie., A—3#0orA#3and pmay have any value.
- i Infinite solutions :
: RA)=R(C)=2

Que 1.20. | Investigate for wha

9quationsx+y+z=6,x+2y+3z
i No solution.
ii. Unique solution,

te number of solutions, @U 2013-14, Marks‘m

t values of A and p, the system of

=10and x + 2y + Az = i, has ie,h-3=00orA=3andp-10=0o0r u=10.

State and prove Cayley-Hamilton theorem.

,’é’;.

€

[AKTU 2017-18, Marks A Cay
: m characteristic equation.

Detemine the val ) i OR
equation has, - © 20 ' for which the following system of If[A-M| =(=1P A" +a, A" +a A2+ ...,
Xtyizag o polynomial of (n x ) matrix A = a; then the matrix equation,
T+ 482210 X+aX'+a X+ ... +a, I =0is satisfied by X = A
ie,A"+a A" +a A"+ ... +a =0

’“?of'bazab

5%’%: i
y-Hamilton Theorem : Every square matrix satisfies its own

+a, ] be the characteristics



1a
2] (}

are at most of degree (n lrst de\s\i\

rm can be written as ‘n %i
)-"_2 Foivis B A +B )&

0 are the mamces of type nxnp,

= |A-MIT

+B )=C1"[A"+a A

Jike powers of  on bOth si des 4 2],

Adj4 ’”’

+al=0

(1 4
: _Hamilton theorem for 4 - 3
Que 1.22. , Verify Cayley-Ham [2 4 sj\
3 .

§
AKTU 2014-15, Marky :
: 0

Hence find A™

Characteristic equation, |A - M| =

1-» 2 3

2 4-1 5 =0

3 5 6-i
(1-1) [(4-2) 6-1)-26] -2 [26-1)~15] + 3[10-3 (4- 1)) =
(1-1)[24-10A+32-25] -2 [12-2 1.~ 18] + 3 [-2+ 3A] = 0
(1-)(2-10A-1+2(3+21)+3(81-2) =0
M2-10A-1-23+10A2+1+6+41+91-6=0
‘13"'117&2+4A—1=0
A-11A2-41+1=0

For verification of Cayley-Hamilton theorem we need

to veri
A-11A2444+]=0 rify,

(1.22.1)

356 122024J

_g3C (Sem-1)

1-
Nh!

Matrices

2

31 2 3 14 25 31
A’=AA=|2 4 5|2 4 5| =|25 45 56
3 5 6|3 56 31 56 70

14 25 31
11A%2=11 |25 45 56|=

31 56 70

(14 25 31]1
25 45 56||2
|31 56 70“3
(157 283 353
=283 510 636
353 636 793
we have
157 283 353
A3 _11A2- _4A +1=|283 510 636|-
353 636 793
4 8 12
- |8 16 20|+
12 20 24

FrOm eq_ (1-221)7

Hence Cay ley-

100

154 275 341
275 495 616

341 616 770

2 3
4 5
5 6

(154 275 341
275 495 616
341 616 770

01 0|=
0 01

000
000
000

Hamilton theorem is verified.

To find A~ multlplymg eq. (1.22.1) both sides by A1, we get

AI+A"1=0
A—1=_(A2_

14 25 31

A2-11A-

=—|25 45 56|+|22 44 55

31 56 70
1 -3 2
Al=|-3 3 -1
2 -1 0

l Que 1.23. | Verify Cayley-Hamilton theorem for A = \.0 10

11A -4

4 00
+/0 4 0

11 22 331
Xoo:&

33 55 66

21 11‘

11 2

[AKTU 2013-14, Marks 05

Answer l Same as Q. 1.22, Page 1-21C, Unit-1.



N A
hemat™"
lvVrifyC"'yley-liami“"“ theorem for ¢, N‘l

P K A Tmelmd e
g“u ¢ g 22 -21 21 36 -30 30
A=]|-1 . p-6A+9A-AI=121 92 91| 3) 3¢ _g
1 -1 21 21 929 30 -30 36
18 -9 9 4 00
()Rf the matrix +H-9 18 9|-|0 4 0
+ racterstic equation © 9 9 18| |0 0 4
Find the € i , ] 0 00
9 -1 .| and verify Cayley-Hamilton theorem‘ ={0 0 0|=0
A= -1 2 '2 000
al1 t;;‘-mugA‘_zAs_le’q-%A-QI. _
Also evalud

ley-Hamilton theorem is verified.
He“cﬁf,:;y,uting the given equation,
Now GAS + 9A* — 2A% — 12A% + 23A — 9]
=“:6:6A5+9A4—4A3 +4A° - 24 12424 934 _ g

_ =’43 (A% — BA? + 9A — 4D) + 24° ~ 124 4 234 _g
' = - A -4+ 5A -1
& - : i _A3(0)+2(A®-6A%+9
The characteristic equation of Ais ;ﬁf* EO) +2(0)+5A-1
|A-M|=0 g -1 171100
2-L -1 1 _5l-1 2 -1|-lo 10
-1 2-2 -1|=0 1 -1 2] (001
1 -1 2- 5 51 [100][9 -5 5
@-MN{E2-AV*-1+1{2-VD+1}+1{1-(2-A)}=0 1(;_ 1(5) 5|-l0 1 0|=|-5 9 -5
2-1)3-1)(1-1)-21-1)=0 . “ls 510 001 |5 59
(1-2)[6-51+12-2] =0

(1-M)(A*-5L+4)=0
M-6L2+9\-4=0
To verify Cayley-Hamilton theorem w

1 2 -
Qu el 95. | Show that row vectors of the matrix -1 3 0\ are

e need to prove,

0 -2 1]
A'-6A*+9A-4]= . linearly independent.
2 -1 1][2 -1 1] [6 -5 57 Answer
A=11 2 afla 2 || g S| | - 1 2 -2
L1—12__1 -1 2] |5 5 ¢ | A=|-1 3 0
(6 -5 57[9 417 | 0 -2 1
A3=-56—5—12_1 1 3 =2
5 5 6]|1 1 o |Al=]-1 3 0|=13)-2-1-22)=0
- 1L J
2 -91 91 ‘ 0 -2 1
=21 22 9 - Hence given matrix is non-singular.
L2l 21 99 1 2 -2
Now, A=1-1 3 0

0 -2 1



Mathematics - I

1
12 -2 2
_lo 5 -2 R, >R, + ERz

=3
Number of non-zero )r:v;sz Order of matrix
Hence the given
Que 1.26.

row vectors are linearly independent,
Find the eigen values of the matrix

8 6 2
A= |- 6 7 - 4
2 -4 38
Characteristic equation of matrix A is,

g-» 6 . 2
JA-M| = -6 7-4

4

9 -4 3-1

(8-1)[(T-1)(3-1)—~16]-6 [-6(3-1) + 8] + 2 [24—2(7 — 3)] = ¢

(8-1) [21—71—3/1+12—16] +6[18-61A—-8] +2[24-14 + 21] = 0

(8—1) 12101+ 5+ 108— 361 — 48 + 48— 28 + 44 = 0

87— 801 + 40— 1% + 10A2— 51— 32 + 80 = 0
A%+ 1802-117A +120= 0
A—182+ 117~ 120= 0

=0

A=1.248
(- other eigen values are in complex form)
Que ]

_ 3 10 5
1.27. | Show that the matrixA=|-2 -3

-4/, has less. than
5

3 7
three linearly independent eigen vectors,

similarity transformation that will diag

Is it possible to obtain a
onalize this matrix ?

[AKTU 201314, Marks 10

* Characteristic oqugg
at, i -
IAeq 1on of given matyix Is,

g_n 10

5
~3-%» -4 =0
,32. . T-2

(3,1)[(—

3-2) (T—2) +20] —10 [-14 + 2 + 12}
Jo21+3h—TA+32+201—10(2h —2)+5
3-* (A2 —4r—1) =201 +20 + 151 -5=0

(3;}»)12}‘_3_)‘3+4)\2+k—5k+15=0
gr —:3+7k2~16}"+12= 0
st-7x2+16x—12= 0
Bysolvingabov

Matrices

+51-10+9+301=0
@Br-1=0

e equation, we get

A= 2, 2, 3
Eigen vector for A =2

45 G

x+10y+5z=0
_ox—5y—4z=0 = 2x+5y+42=0
3x+5y+52=0

Using cros

..(1.27.1)
s-Multiplication in eq. (1.27.1) and eq. (1.27.2), we get
x -

.(1212)
.(1273)
y __z
20_25 10-4 5-20
5
Eigen vector= | 2
Eigen vector fora=3
3-3 10 51 x 0
-2 -3-3 -4 yl| = 0
3 5 7-3| z 0
0 10 5| x 0
-2 —6 "‘4 y = 0
3 5 41|l z 0
0x+10y+5x=0

~2x—6y—42=0
3x+5y+42=0

L1274

LQ275)

Using cross multiplication in eq. (1.27.4) and eq. (1.27.3), we get
x

N 2

LL278)
240430  -10-0 0+20

|

"f\‘w‘ ﬂv (’g‘ &4

il

S ‘#’f‘ HY.\ .

&
o
¥
-
%

.
‘:7 o
=,
=
%
%
-
B
(2%
%
L3
#:
o




\\lj?vc

x _ Y _Z2_ Xy .
SIS AR Y
30 10 20 T1 17 5=k &,h
1 |
Eigen vector = 1
-2

repeating roots so their eigen vect
0

As there are two0 . '
that, the problem has less than three lmea,-]}f inde ° S arg .
Since the eigen vector:s }‘1_ and A, are not l‘nearly in gnt Cige mila,
similarity transformation 18 not possible. epehd: v%- )
L AN

6
Que 1,28 | Find the eigen value of the matrix [ 4 2 N,
] , 2 2l com
Spond

. . 101
to the eigen vector 101]°

i

4 2 Ej
A= g 4| igen vector matrix X) = [ lolJ
. 103

We know that, AX =X
Where, A is the eigen value matrix.

4 2Jf101] [, 07[101

2 4]101] T [0 a,][101
101x4+101x2] [1014,
101x2+101x4 - 1012,

1013,=101x6 = A =6

1012,=101x6 = A, =6

1 2 -2
@ MQ Reduce the matrixP=| 1 2 1 | to diagonal form
-1 -1 0 '
,ﬁKTU 2016-17, Marks m

1 2 -9

P= 1 2 1

-1 _1 0

;-28€ @em-D _ Matrices
mﬁsﬁc equation of matrix Pis [P-3I| =0 o
j-» 2 2
1 2- 3 1(=0
1 -1 -

o know that diagonal matrix is the identity matrix with eigen values

. nal, 80
at 41280 [1 0 OX

. palmatrixP=[0 -1 0
i 00 3

Find a matrix P which diagonalizes the matrix

a0
A= ,verify P1 AP =D
2 3
where D is the diagonal matrix.

4 1
A=
2 3
acteristic equation of the matrix A is

4-2 1 _
2 3-A
(4-2)3-M-2=0

A2-Thv+10=0

A-2)(A-5)=0
r=2,5

Eigen vector for A=2

2 1)[x|_10
2 1||x, 0
2x1+x2=0
2x1+x2=0

xlzkl

x,=-2k,

2

The char
0

Let,

1
Eigen vector is [_ 2i\ .

Eigen vector for 2 =5

Al



e

par= 20 1]
2L

0
= [2 5} = D (Diagonal matrix)

©00
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Differential Calculus-l
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part-1-

~(2-2C to 2-7C)
o Introduction to Limits', Continuity and Differentiabil;

o Rolle’s Theorem ; entiability
o Lagrange’s Mean Value Theorem
Cauchy’s Mean Value Theorem

Part-2

(2-7C to 2-14C)
Wsive Differentiation (nth Order Derivatives) \

o Leibnitz Theorem and its Application

B, Long and Meditum Answoer Tope Guessigns " 2710
Part-3 (2-15C to 2-27C)

o Envelope

o Involutes and Evolutes ,

* Curve Tracing : Cartesian and Polar Coordinates

A. Concept Outline : Part-3 ... 2-15C
B. Long and Medium Answer Type Questions ... 2-15C
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Dil"ferent]-:il "
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9-2C (Sem-1)
""’hh
N\
" Mathematics - I 2L et

o inul d Differentin,:
1o Limits, Continuty an entiab;j; ST, |
Introduction to '« Mean Va Foor e p lllty’ ROI[: Questions-Answers !
Lagrange s Qucehyg —
Theorer, Value Theorem Yy, . o
; Uy Long Answer Type and Medium Answer Type Questions |

x” y

. 3
Guead: |Bralnte By

CONCEPT OUTLINE : PART-;

nction fix, ¥) tends to the limit / a5 ,

;A_?I::f ;I?;h:rﬂf;’lifthe limit / is independent of the path follow:d Zyiﬁd ﬁ;—l
point (Iyy)as_x—’aand_yl—) b. Then ¢ ' 3’y lim [lm 3x%y .{:um o3:1:”72)
. %gf(x,y)- ?’Em = TR+ y 45| A+ (2P +5
The functidn flx, y) in region R tends to the limit ; 0 | T ?xz 2_6_=§
8 -l x* +9 1+9 5

¢ aandy—bifand only if corresponding to a positive Dumbe, |

¢ (a, b), there exists another positive number & such that ; . xy+4

|ﬂx,y)—l|<efor0<(x—a)2+(y-b)2<8z [ Eu’e—;ﬂEvaluate l;l_jl?xz+2y"
for every point (x, y) in R.
Continuity : A function fix, y) is said to be continuous at the pojp; | rn;;;'-—] ]
(a, b)if lim,xy:i___.hm[lim fy+42J=1j_m2f*S
limf(x, y) = f (a, b) irrespective of the path along withx - a,y -, o 2 +2y° | tx 42y ] TTXT
Vb s ’ 4
Rolle’s Theorem : If fix) is I ) ﬁm2+’é=2+?)=0

o +

i Continuous in [a, b]
ii. Derivable in (a, b) and

ii. fla)=Afb). 1 E_u':z_,:-;.__] Show that the function flx,
Then there exists at least one value ¢ € (a, b) such that f'(c) = 0. 1 (x,9) € R2
Lagrange’s Mean Value Theorem : Let / be ‘ _—_——__l
L Continuous in [a, b] and f | e R2thenfla,b)=a— b
ii. Derivable in (a, b). | Let (al’f?a)c i,) ~fla, b |=, |(x-y)-la -b)|
1 ’ = |x-a) + b= (e =] =123

.’

Then there exists at least one value ¢ < (a, b) such that < |x-al+ly- By

that

J
f®)- f(a) ,’
Cauch b e ! Lete>0 Choose8=%thenforlf‘“l<oandh_
auc M ’
i ayr, : bo:l?:i Value Theorem : Let fix) and g(x) be two functions | from eq. (2.3.1)
la, b]. Then thereeggable in [a, 5] and g'(x) # 0 for any value of x in l e & _,
1) — ) < TTE T " 2 Rt
! [Ax,¥) fla, b | 2 2 tinuous for allta, bl € F. D

sts at least one value ¢ in between @ and b such
. N — v — y 15 con! ] M e
' Hence the function fix, ) =¥ =¥ 5 -y is continuov

e / (a, b) is an arbitrary element of R?so flx, ¥1 =%

§b)-g@) "~ glo)
glo (x,y) € R%

—

y)=x-yis continuous for all

b| <8, wehaw*

. S0% . ASESAEEC . ST AR AN LES T B U R L



3 ) s
e it | Y
et

i. Derivable in(a,

= fib).

A;Lh enﬂt"h)ereﬂexists at least one value ¢ € (@, b) such that -
(4

allx, then '(x) = 0 for all x.

ousin [a, bl, it is bounded and attains

say at two number ¢ and d lying ip betwn;:xlm%h
; 0 g

Proof : S0,
Iffiw)=0 for a
Since fis continu
and minimum 7

t
schthet - Mand fld)=m |

Casea:IfM=m,then fisa constant function so that e
To fot

in (g, b).
aaseb:IfM#m, then M =fle) 2flc + h) for values of h bog, , i
posltiVe

negative. Then
M <0forh>0
h

and M >0forh<0

(0,
Since fis differentiable in (a, b) from eq. (2.4.1) and eq. (2.4.9 4.
we have S )35h~>0,

fll)<0andf'(c)20
Hence f*(c) = 0 for some value c in (a, b). Similarly if m =
for values of & both positive and negative it followytha’? =fd)<fd, ]
(d+h)-
peib-fd) 20forh>0
h (243

fld+h)-
A Tﬂd)somrko

Ash—0,f(d)>and f(d) <0. Hence f'(d) = 0.
Que 2.5, l Verify Rolle’s theorem for
Answer

&) = x(x - 2)e% i (0, 2),

R0)=0,/2)=0, fis cont;
fie)=0. ,fis continuous ang differentiable, so by Rolle’s theorem

H

ere FO=le-9) 414 3y gy ®
=0 or 3:2+24r D
5 C=-20r§ o

6 butc:_dees %

tliein (0, 2)thusc = 8 ¢ (gg).
6

2-5C (Sem-1)

_A“"/erl g Mean Value Theorem : Let f be

I‘oantinuous in [a, b] and

i . blein (@, b)-
i g;::iz;e exists at Jeast one value c € (a, b) such that,
f/(lz,;f‘f_) = f1©).

-a

f:
B. P o) =fix) + 3 4,3 € [0, B

Choosé . .
L tinuous in [a, b] and derivable in (a, b), therefore ¢

5 are con
2 S‘;‘jﬁ{ﬁ‘i& 'n [0, b] and derivable in (@, b).
18

Now choose the unknown constant A such that
fb) +bA= ¢(b)=¢(a)=ﬂa)+aA

A - f (b) - f (a)
or T a-
Thus ¢ satisfies all the three conditions of the Rolle’s theorem.

Therefore by Rolle’s theorem there exists a numberc € (e, b) such that

0=¢)=f)+A
f®) - f(a)

flo=-A="——"

Thus

‘Que 2.7. I Verify Lagrange’s mean value theorem for flx) =% in
,6).

‘Answer
o fis continuous and differentiable in (1, 5), so by Lagrange’s mean value
theorem,
M = f'(c), for some c in (g, b).
b-a
Here f(5) = 25, A1) =1, f'(x) = 2. Therefore
25-1
51 %
c= 3 e (1, 5)

Q“G 28. l State and prove Cauchy’s mean value theorem.
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Diffep. ..
2.6C (Sem-1) /’—\rentlal Gy
e Yy
\\I‘ ics - 2-7C (Sem-1)
v o plathema®
rem :
chy's Mean Value Theo - by LByt
A Cau () be two functions which are both derivap, = ~(a* +b*)
w;(xf)?zf fny valueofin (2, 6. Then there exists ot lee o b 1 (@ +b eab
() # ast ' c = —=+(a* +b°) e(a,b)
fx{; between a and 0 such that tong . aT; 72 cla
f(b)-f(a) f'c) L felng, glx) = 11,
gb-g@~ £ ii. ,; 1
B. Proof: _ f'lx)= ;,g(x)=—?
1 Leto) =1 +Aglx) where A is an unknown constan_ By Cauchy’s mean value theorem,
o pisderivablein [o,b] because fand g are derivable in [q, b] j, hype Ine-lnl_ -¢
3 Choose A such that o(b) = ¢la) ie., thes,-‘. 1, c
fib) + Ag(b) = fla) + Agla) » e e
A= fb)-f(a) c= ;_—e(l,e)
or " glo)- gb)
with g(a) - g(b) # 0. If g(a) - g(b) = 0 then £(a) = g(b) anq & st PART-2
conditions of Rolle’s theorem and then g'(c) = 0 for Isfiy . L. - . o
contradicts the hypothesis that g'(x) # 0 for any x. Thus g?z?ieg& Thi Successive Differe "“at“’zni’; it;)z:’} gzgg:twes}, Leibnitz Theorem
4. Now the new function ¢ satisfies the conditions of Rolle’g th "
Therefore there exists at least one ¢ € (a, b) such that Core, CEPT OUTLIN
0=¢(0)= () +Ag'(c) CON E : PART-2 ‘
Thus JAC) =-A= ____f (b)-f(a) Successive Differentiation : ‘
gl 8(b)- gla) Ify=f(x)isa differentiable function of x, then dy/dx is called the first |
with g(b) - g(a) # 0 as g'(c) # 0 for any c. differential coefficient of y w.r.t. x. ;
-Que 5, IVerify Cauchy’s mean value theorem for the functio L3 (iil) = Ei_Z is called the second differential coefficient and ina |
L flo)=x, g(x) =2® in the interval [a, b]. ng dx \dx/ dx 1
ii ‘ n n-1
. fix)=lnx,glx) = %in (1,e]. similar way gﬁi = g; (L(j;'_}‘,} is the n differential coefficient of y

w.r.t. x. This type of differentiation is called successive differentiation.

Answer
b flr) et gy < 2
[o)=42, g1 o
Y Cauchy’s meqp value theorep,
O-fw) _ fre)
8b)- g(q) 8(c)

nh differential coefficient can be denoted by various ways as :

dll
—%,D" , ¥, ["(x)etc.
dx "
Some Standard Results for n'* Derivative are :
1. D(ax+by=mm-10n-20..(m-n+1la (ax+ b)

2. D'lax +b)'=(=1yna" (ax + by
3‘ Dn en th - an‘,mih

4. D'a*=a'(loga)

-1 'n-1a"

5. D"log(ax +b) = ML
lax +b)"



| > 4

3

~O v\

D'logx=

6. 7
. n
7. Drsin(ax +b)=a"sn (n—2-+ax+bj
K
8. D~ cos (ax +b)=a" cos (n§+ax+b)
9. Dre=sin(bx+c)=r"e”sin (bx + ¢ + ng)
where r=Ja + b
¢ = tan™ (b/a)
10. D e= cos (bx +¢) =" e cos (bx + ¢ + n¢)

Leibnitz Theorem : If u and v are any two functiong ofx g
their desired differential coefficients exist, then the | n‘h
coefficient of their product is given by

D" (wv) ="C,D" u.v +"C, D™ luDU+"C D

; tovnt"C D" uDv+ ..., u.Dny “y
Determination of the Value of the n** Derivative of 5 Funes:
forx=0: Ctio
Step I : Suppose the given function equals to y.

. dy
Step II : Find ¥, = I

i

Simplify the expression by taking LCM if possxb{g

ii.  Square both sides to avoid square root.

iii. ~Converty, in terms ofy (if possible).
Step III : Find

Step IV : Differentiate n times by Leibnitz theorem.
Step V': Put x = 0 in Steps (1), (II), (III) and (Iw).
StepVI:Putn=1,2 3, 4inlast equation of step V.

Step VII : Discuss the cases for ni.e.,even or odd.

Qﬁemons-Anéwers - l

;Long Ansrer Type and Mediumy Answer Type Questions J

Que 2.1 < Find the n*® differentiq) coefficient of

i. cos'x

2-9C (Sem-1)

1
y=costx= [%(l+cos2x)]2=z (1+2 cos 2x + cos? 2x)

1+cos 4x}
2

cos 2x+%cos 4x

7
2

®| W |-

l:l+2cos2x+(

+

b3
D=

D"cos(ax+b)=a"cos (ax+b+

1
y, = 0+%x2"ms(2x+—r;n]+§x4"ms(4x+—";)
. nn
y, = 2" cos(2x+%) +22"3 cos [4x+?)

y = cos bx sin ax

. y= %(2sinax'cosbx)
= %[sin(a+b)x+sin(a—b)x]
) nm
D sin (ax +b) = a"sm(ax+b+—2—)
1 - P+ (a-b)* sin (a—b)x+1’3H
.y =—[(a+b)"sm (@+b)x+= "2
2 y=sinxcos3x
i 1 .
‘ y= —(sin4x—sm2x)
| or 1 n (2x+_£}]
ekl
| | 2=
: >2.11, | Find the ntt derivative of tan &l
1 d[ 2x ]
-
% ( 2 ] dx
1+ 3
1-x

2)2 (1-x%)2 - 2x(-2x)
0-ciale

1-x7

I k20 M
) (1+x4—2-’52+4x2)



4=1V U \ocii=1/

20+xhH 2

——

- (1+x2)2_1+x2 \
We know that,
LAY S N O o Vi ¥
= o |4+ a"\»zsin(n*l
Ssi
- -1 f = -1 g m‘l
Where et (a) tan (x) q

Now differentiating ¥, (# = 1) times

ot _dv g

= AN~ ORI\ g
dx" ™ |1+ 42

= 2(-11" (n-1) ! sin n@ sinn g

1 -
41 1
=tan —=cot " x
Where 6= ta x

d" .
Que 2.12. l K1 = :lx"'(x logx), show that I =nf ., , i

AKTU 2016.17’ Mal‘ks3
i

n-1

d . d d
e [x" log x] = a1 {E (x" log x)}

n-1 n
= %’_—l{nx"‘l logx+x—J
x

Answer |

I =

X

n-1

dx"?

n-1

dxn-l

(nx""" log x) +

(xn-_l)

n-1
i [x" ' log x]+ (n-D! =nl_ +(n-y
I=nl  +(n-1)

n n

Que 2,13, | If u = sin nx + cos nx, then prove that

u, =n'{1+(-1) sin 2nx}"2,
where u_is the r't differential coefficient of u w.r.t. x.

Answer I

The r

=n

|AKTU 2017-18, Marks 34|

) U = sin nx + cos nx
differentia] coefficient of y is given as

Mathemati"s -1 2-11C (Sem-1)

. rn r rn
u =n'sin \X+-—|+n cos|nx+—
r 2 2

g and taking the square root, we get

uarin
Onsd r 2 V2
u =n Hsin (nx + %‘} + cos (nx + r—”)} }
2 2

; rn ro\ T2
=n" |1+ ZSmtnx + —) cos[nx +_)i\
2 2
= n'[1 + sin (2nx + rr)]¥2

= n'[1 + sin 2nx cos rr + cos 2nx sin r]2
u = n’[l +(=1) sin 2nx]V?

(+ cosrn=(-1) and sin rr = 0)

-1
Guontd. | Hy=e"""" then show that (1-x%y,, - @n + 1)xy,,,
2)y =0 and hence calculate y,, when x = 0.
n

_ (nZ +m
| AKTU 2013-14, Marks 10 |

OR
log(y'™, then show (1 =23y, .- 2n +Dxy, - (n*+m*)y, =

s x=
oes [AKTU 2015-16, Marks 10

0 and hence calculate y, when x = 0.

= em CDS—I x

y ..(2.14.1)
-1
ypmemes I _mer .(2.142)
Y 1- x2 \/I— x2
1-22 3 =—™
Squaring on both sides
(1-x2)y,2=m? y? (2.14.3)
Differentiating eq. (2.14.3), we get
: 2
(1-29) 2y, - 26 y,2=m* 2y Y, s
or (1-x2)y,—xy;—-m?y=0 (214,

Differentiating eq. (2.14.4) n times by Leibnitz theorem, we get
n(n-1)

-2) Y=~ nyn= m? Yn= 0

(2.145)

(1—x2)y,,+2+ n(_?‘x)ym-l +

or (1-x2)y,,,—@Cn+D) 2y, ~ (n2+m?)y, =0
-1 "21‘
From eq. (2.14.1),y(0) =™ 0o e
- mcos’l 0

m
From eq. (2.14.2),y,(0) = —F=———"

oo

mn

=
=-me*“



From eq. (2.14.4), y,(0) =
Puth = 1234..y..2.() i

get \1
2-13C (Sem-1)

(0)=(12+m2 = \
% 19100 =(12+ m2) atics -
( "Ze Mathem  sid
S ng both sides
My On sauer’” 2= m? (2.15.1)
7,(0) = 22+ m?) ,(0) = (22 4 py2 £ N (@-Dyr=m'y (215,
2 (224 m ) Lm%f\ "lﬁje';' Diffe t.ent,atmgeq (2.15.1),
) 2
"’2(22* S 2t 2moyy1 (2.15.2)
0) = (32 ma A 2_1)y, %N -m?y ..(2.15.
Hglr=ds m?) Y3(0) = ¢« ey or ¥ : eq. (2.15.2) n times by Leibnitz theorem,
3\V) = (g2 +m2 ( Diff 1.enmatmg q- .
)|~ +n2%Y,at Z‘i",—) 23’,.*’"3’,..1*"3'"—"12}’,50
mpg @DV mt gl
Vs O=-m@P+m2 g, , m LIPS 1 C @n e DEY #0120
: m?) ey " 1
(0) = (42 + m,2 L =
Ye 4“+m )_y4(0) =m2(92 m‘ iyt y™ =2xprove that
0)= -m(1* + m?) (32 + m?) % g Dyt @n + DYt (n*-m?y,=0.
nO=y (g, , m M) &7 [AKTU 2014-15, Marks 05 |
2002
m (2 +m2 2 2 ’
)&% +m?)..... [(,,_2)2+m2] = ity

-m(12% + m?) (32 2 yif,, B 92.15, Page 2-12C, Unit-2.

andy,,,= )B“+m?)..... [n2+m2]e? 'tu% %Z‘:fla_szlnplaceofn+2andn 1mplaceofn+1
i then find the n'® derivative of

m2(22 +m2)(42 +m2)\. - Ify (x+ 1+x )m

...... ln + m2] ?
Um -
A Ify + y . = 21‘ pmVe that
(x’ l)y +2n : :
n +1) AnswWEL
- 2 Ynit® + (n2- m?) y, = 0. Given ® = (x+ 1+ 2" (211
ki b Differentiating ed: (2 17.1),
Given: yUm 4 o -Un \
Let yhAyT =2 : =m(x+,]1+x)"“ 1+
So z=ylm * 1 +x
’ Z+ 1_ |
o o S 7y = L(2172)
+1-22=0 ‘ 14" ¥=M
2= On squaring both s1des,
Taking positive 5; =letyx?- 1] (1 +x2y,=mYy”
© i, Differentiating above equatlon again,
29y 5, + 22y,% = 2m*Y
Y=lx+ /2 _1m (1+x9)2y1Y2 1 1 o
\/;\1 {... , =qu; or (1 +x2)y2 + xyl Zy =0 . ...(2.11.33
N=mlx 4 \/;2\ 1 | Differentiating eq. (2.17-3)7 times using Leibnitz theorem,
-Hm 1+ 2x (1+x2)yn+2+n(2x)yn+ +nln =Ly, +X¥n L1 T —mzyn=0
< 2 -1 or (1422, o+ @0+ D¥nin L+ m?y, =0 2174
mes gm 1 | putting x = 0 in eq. (217.), ea- @17 2), eq. (217.3) and eq. (2174
\l"z\‘l \/2\ respectively, we get

y1=m x°-1
Y y(0) =1



9-14C (Sem-l) Differenti
0 ey
y,(0)=my th
y(0)=m \
UL m?
5,0 = (m* - n%)y,(0)
n
putn=123 45 - eQ-‘(2-17-5), ™
y,(0) = (m?-19y,(0) = (m? - 12),, A
¥, 0= (m? - 22) y,(0) = (m2 = 92,2
y50) = (m? -3 y4(0) = (m? - 82) (2 _ 12 |
540 = (m? - 4%) (m? - 29)m? m
and 5o on.
Thus using above results, we have

) i - 1) (m* = 8) oo {m* —(n—2)zl,ifnisodd
y,(0) = mi(m? - 2) (m* - 4 im® = (n = 22}, if is evén

Que2.18, |Ify= ¢, then prove that (1 + x%)y, + (2y_ ,
(1+x’)yn.,+[2(n+1)x-l]yul+n(n+l)y,':o. =0

AKTU 2017.18’ Mal‘kg 3,5

iy

Answer |

Given : y= o Iy

Differentiating eq. (2.18.1) w.r.t x, we get !
y, = o' 'y 1

o l+x* ‘

- = 18

Differentiating eq. (2.18.2) w.r.t x, we get |
(l+x2)y2+2xy1 =y, L
(142 |

+x)y2+2"y1‘y1=0 !

(1+x2)}‘2+(2);_1)_},l =0 “
(2183

Now, different;q:
! t
o (lLes? 8 Q- (2.182)n times by Leibnitz theorem, we get
n+l )+ Clyn(zx)+ nCZy (2) |
n-1

(1+4%

=yn

Y +(2nx-1)
Yotnln-1)y
Wy =0 (2184

Differentjqy:
atin|
Yooale g2y gxeq- (2.18.4) agaipy Wty i
(14 ) nea* @uy_qy O Ve Bet |
Pty g et 2t a -1y, 20
n+1+n(’l+1)
y, =0

atics -1 2-15C (Sem-1)

PART-3

Involutes and Evolutes, Curve Tracing : Cartesian and

Envelop® Polar Coordinates.

CDNCEF’T OUTLINE : PART-3

Envelope: Envelope E of a given.family of curves c is a curve which
touches every member of the family of curves c and at each point of
the envelope E is touched by same member of the family of curvesc.
ng : It is the method of finding approximate shape of
heir cartesian, polar or parametric equation without
mber of data points.

Curve Traci
curves from t
plotting a large nt

—

Questions-Answers
Long Answer Type and Medium Answer Type Questions

Que 2.19. | Write the procedure for obtaining envelope.

Answe} I

StepI: Envelope is obtained generally by eliminating the parameter a
between the equation of the given family curves

flx,y, ) =0 ..(2.19.1)
and U fx,y,0)=0 ..(2.192)
oo )

Where g— is the partial derivative of fw.r.t. o.
o
Step II : In case o cannot be eliminated between eq. (2.19.1) and
- eq.(2.19.2), then solve eq. (2.19.1) and eq. (2.19.2) for x and y in terms of
o.. Then the envelope is given in the parametric form by the equations

x = x(a) and y = y(a)
Step III : If the eq. (2.19.1) is a quadratic in the parameter & or quadratic
in some parameter A which is a function of then the envelope is given
by discriminant equated to zero.

Suppose flx, y, a) = 0 is rewritten as a quadratic equation

AN2+BrL+C=0 (2.19.3)
Where A, B, C are functions of x, y while A is either « or function of a.
Differentiating eq. (2.19.3) w.r.t A.
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: Diﬂ‘ere .
9-16C (Sem-D) i Calel,‘
/iz\\ 2-17C (Sem-1)
24)+B= 0 or A= 24 M,,thematics -1
i K ected by the relation
.o fromeq. (2.19.3) by using eq. (2.19.4) - 2.134 o tWO parameter @ ::;ll:tare conn y
Eliminating lope as theq,  Where " ore c is a given co )
of the reqmred envelop: %r\ g +b=¢ w
2 7 ) e
B) ( B) c=0 answer | .
-—| +Bl-—)* o= n relation
A( aa) TP\ _ Using the Ve " . .
ie B2-4AC= Discriminant =0 iminate b=c =0 from the given family
g : . . E
Step IV : Envelope of the family of normals to a giver Curye J?_ % f__y =1 (2211
evolute of the curve C. . iy 2 c-a . " X
Step V : For a given two parameter family of curves . h is now a one-parameter family of parabolas with a as the
: i

fix, y, & p)= 0 pal'ameter' oq. 221.1)wrt'd,

"-(2,]9, .crorentiating
with a given relation (@, B) = 0 between the. Paramete,, Diffe . .
eq. (2.19.5) can be reduced to a one paramelt)er fa_mlly by elim; ati(;'l 7 (_ 1 ) ‘TIE y (_ 5) x F(-1=0
one of the parameters say p in terms of o by using the given rela?n 2e (c-a)?
g(0, B). Then proceed as in Step L 1 3 1
- . c—a é = (_-}:J 2
Que 2.20. | Find the envelope of the one parameter family o¢ Cu, 7 o
y = mx + am? where m is the parameter and a, p are constantg, c_ x4y
Anewers I | A (2.212)
y=mx +amP .‘.(2'20.1 or a= x”“ g y“:‘ wl&als
Differentiating the g(')iv_et; iu:;;fpv_v.lr.t. the parameter ‘m’, we get Substituting eq. (2.21.2) in eq. (2.21.1), we get the required envelope as
: 1
1 1/3 3 |2 1 !
s x "ty — | =
or . ms= (_ i)(p-lJ (2.0 [x ex' } b &4 cx'® !
; pa {c_ R +y1/a
Using eq. (2.20.2) eliminate m from eq.(2.20.1)
1 ‘ 1 B W
§a (_xjﬁ - (—x)(p%l) ) or [lea(xua + yl/a 2 + [),2/3(x1/3 +y1 3 W2 = oV
Sl== —_ |
pa 1“ or (x4 O (¥ + (%)) = V2
;
y("'l)=(;x)x“’"’+a‘l"l’ L i (4 yU) = 12
or ; pa pa } Thus the envelope is the astroid given by
apPyp-l _ o o US4 U8 - 18
Eq. (2.20.3) 5 thy: equatif)p Py (T xP (2200 ¥ +yPF=c
curve, 0 of required envelope of given familydl Que 2.22. | Define involute and evolute. How will you find an
1, | Detl!l'min | evolute ?
¥ e the |
Parabolgg, €nvelope of the two parameter family o!! Answ! ';r—l
\/E N ' A Evolute and Involute :
a \p=1 [ L a point P moves along a given curve ¢, the center of curvature

corresponding to P describes another curve ¢.,.



i

Diﬂ‘erenti

2-18C (Sem-1) ”
; lute of the g U,
e ¢, is known a8 the evo e given
4, Theet hf: involute of ¢,. Cury, 4

known as t
B Determination of Evolute :
. an Form : Let y = flx) be the equation of the g;

(Y
1
Wﬁ

artesi '

a fartesian form. Then the coordinates of the cep ter ot cgl:ven cu
Wat b

by ‘

Y=y +(L+yDly, N

; : R
form the parametric equations of the evolute of ¢ €Xpreggeg mfg;l

the parameter x.

In many cases, the parameter x can be eliminateq betwe

and eq. (2.22.2). This results in a relation betweep Xande; eq, (2'22

fIX, Y) = 0 which is the equation of the required evolute Ofthe, |
b. Parametric Form : Let the equation of the curve be 1 N

form x = x(t), y = y(t) where ¢ is the parameter, They, th: g::“‘@tn

equations of the evolute are g,
1ant2 12
+
X = (- LE 29
xy'-x"y
’ ’ 12
Vi) =y 4 2 E )
. 2y'-x"y'
Que 2.28."] Determine the parametric equations for the evolug,

Hoog
the curvex= — y=—,
4 5

x' yu_x,, y,
4
= L-M 8.4 _s
4 4t6—3t6 =‘Zt -t (228

- ' (yt2
Yy, £67+y%
: X y"~ x" y,

3
=L + M 5
! ute that the 4 g Tl t? (2.03)
€, (200 9) mirameterfganpo

e ). Therefore t 0 beellminated

: e :
€quatiopg ‘)‘»:x(j‘;‘:(litl}?n of the

between eq, (2.23.1)and
equired evolute in th

=Y are given py eq. (2.23.1) and

X=x-y,(1+y])y, b

2-19C (Sem-1)

2 2

x Yy
ﬁ‘l Find the evolute of the hyperbola ;5 - b—z =1, Deduce
7 e 2

Y evolute of a rectangular hyperbola.
the
Angwel'
Equation of hyperbola
2 .2
x-r=1 .(224.1)
at b
Diﬁ'erentiating w.r.t. x, we get
22 _2YN_
al b
- = _2£ (2.24.2
or yl_dx a2y ...(2.24.2)
dzy _ ? 2,2 322
7= Y= gz gyt Y Y
=" b_4 = (2.24.3)
a5 ..(2.24,
From eq. (2.24.1),
2 2_ 2
-Z_Z = fTa or a?y? - b2 = — b2
a
Now the center of curvature is
X=z- (B 2)(1, 8% ) (e
a’y a'y’ ) -b
X=x [bza4 +a?? 2% - a*b? + b“xz}
/ b%at
332, 2
b+
= x_# (2.249)
a
Similarly,
b2 |[ - a?y?
e[
Yzy[_b4a2+a4y2+b4x2J:_y3(az+b2) e
_b.iag b4 N . %
iy V1
From eq.(2.24.4): x2= [ —f‘ Xq TI L2948
a - +b" )



5-20C SemV : Diﬁ”erentisu

From eq: (2.24.5): yt= ;z.;—b-z-
= 'x’y—i(i P
Then, 2 b ad a2+bz) -b\z( FY ;
Thus the required envelope is, T )
-0y = @+
hyperbola witha = b the envelope Tedycq, to

tangular
For arec %_W:(Za)% |

Que 2.25. l Give the procedure for tracing the curye, N
obordinates and polar coordinates. “’hn»‘

Tuever |

A Procedure for Tracing Cartesian Curves :
a. Symmetry: Seeif the curve is symmetrical aboyt any |
1. Acurveis symmetrical about the X-axis, if only eye Ing,
y oceur in its equation. (e.g. y? = dax is SYmmet“.POw q
X-axis) on if the equation remains same by "eplac,':cal abyy
9. Acurve is symmetrical about the Y-axis, if only eVen: by.
x oceur in its equation. (e.g. x* = 4ay is s ! Powery
Y-axis). ymmetricg) abyg
3. Acurve @s symmetrical about the line y =, if on interchgy:
zandy, its equation remains unchanged, (e.g. x3 + y° = an
symmetrical about the line y = x). V7= 3y,
b. Origin:
L See if the curve passes thr: -
ough the origin. (A
thro PR R gin. curve pass
ugh the origin if there is no constant term in its equationei!

2. Ifit does, find the i
g equation of the tan
equating to zero the lowest degree ter: rﬁ:ms at that place by

3. Iftheoriginj
gin is a double poi s
cuporconjugtepoint o e origin sa ok
¢ Asymptotes :

1 See lf the curve y ote par auel to the é
2' Ihen hﬂd the lnchned asvmptotes lfneed

d P oints ;
L Find the po;
€ point
asymptoteg, 8 where the cyrye crosses the axes and the
2 Find the

Points Whe‘.
to the X-ayig (e, th: the tangent j parallel or perpendiculer

points where dyldx = 0 or ).

2-21C (Sem-1)

d the region (or regions) in which no portion of the curve

exists.
are for Tracing Polar Curves:
. See if the curve is symmetrical about any line.

B gymmetry triea
a. A curve is symmetrical about the initial line OX; if only cos 6

1. (or 8€C @) occur in its equation (i.e., it remains unchanged

when 018 changed to-0)eg.,r=a (1 + cos 0) is symmetrical

about the initial line.
metrical about the line through the pole

2 A curve is SymImEL mo ; )

i pe,-pendicularto the mmal line (i.e., 0Y), if only sin 6 (or cosec 6)

occur inits equation. (i.e., it remains unchanged when 0 is changed
ton-0)eg."= a sin 30 is symmetrical about 0Y.

3 Acurve is symmetrical about the pole, if only even powers of r

" occur in the equation (i.e., it remains unchanged when r is

changed to—7) €8 r*=a’cos 20is symmetrical about the pole.

and 0 are confined between certain limits.

1. Determine the numerically greatest value of r, so as to notice

" whether the curve lies within a circle or not e.g., r = a sin 36
lies wholly within the circler =a.

e region in which no portion of the curve lies by

values of 0 for which r is imaginary. e.g.,

does not lie between the lines 6 = /4 and

Limits : See ifr

2. Determine th
finding those
/2 = a? cos 20
0 = 3n/4.
Asymptotes If the curve
asymptotes.

d. Points:
1. Giving success

possesses an infinite branch, find the

ive values to 6, find the corresponding values of

ere the tangent coincides with the

r.
9. Determine the points wh
dicular to it (i.e., the points where

radius vector or is perpen
tan¢=rd6/dr=00roo).

Trace the curve y*(a - x) ==*

Given curve : yX(a —x) =°
1. Symmetry : All powers of y are even,
X-axis.
2. Origin : Equatio!
passes through origin.
3. Asymptote : Parallel to Y-
degree of y to zero
a-x=0
x=a

the curve is symmetrical about

n does not contain any constant term, therefore, it

axis by equating the coefficient of highest
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2-22C (Sem-1) Different.
. iti f the curve I‘UQ
discuss the position o W.It, g "
e &y onig,
T\
X=A4 g,
Y=0 ﬂnt
0 , ~ (a, 0) X

Fig. 2.26.1.
4 Pointsof .Intersection with Axes : The curve —
at the origin only Ay w
5. Region: Equation of curve Y‘a{
’ x3
Y= \a-x
y?is negative for x <0 andx >a.

Thus curve does not exist fora <x < 0.
Required curve is shown in the given Fig. 2.26,1.

Que 2.27. | Trace the curve y*(2a - x) = x°,

AKTU 2014-15, 2015-16; Mark,
W
Answer I

Same as Q. 2.26, Page 2-21C, Unit-2.
Replace a by 2a.

kbmg 2.28. | Trace the curve : r* = a2 cos 20.

AKTU 2014-15, Maris
Answer | ‘

The equation of the curve isr?=a?cos 20

L : i
ymmetry : The curve ig Symmetrical about the initial line

) the Ij.l]ﬁ
g="
= 2 and pOle. |

2 Origi
ginor Pole: Pyt r = ¢ iy €q. (2.28.1), we get

€08 20 = ( = gog (+ E)

2

b=y & .
Hence, the 4 Which are real,
CUrve passes thrg

arefs 4 1 "8h the pole and the tangents at the pot

T
Also Whep

9:0’r=ta

Mathematics -1

W@
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urve meets the initial line at (+ a, 0).

he ¢
Hence, b The curve has no asymptote
totes : The C ymp' ;
i = X420
value Of¢ : ¢ - 2
n

= 0, = =

When 0 ¢ 2
0=0,r=ta
gol;l ce, at the points (a,0) and (—a, 0), the tangents are perpendicular to
ence, a5 %
initial line. .
gl:elgilal Points and Region :
From €d (2.28.1), r =a Jcos 20 (Taking +ve root as the curve is
” :
metrical about the pole)
sy dr -asin 260
> do  \Jcos20
Ear, =>rd in this
For 0<0< 4’ 4o 1S~ Ve =r decreases in this range
3n dr . . C

For vy <B<m, 40 is +ve = rincreases in this range
When 0= 0, r=a

n
As 0 increases from 0 to i r decreases from a to 0.

For T co< on , r is imaginary. Hence, no portion of the curve lies
4 4

: m _3n
between the lines 0= 1 and 0 = 5

3n . .
Again, as 0 increases from vy to m, r is +ve and increases from 0 to a.

Thus, we can trace the part of the curve about the initial line. The part

of the curve below the initial line can be traced by symmetry. Hence, the
shape of the curve is as shown in the Fig. 2.28.1.

Y

0 =34 0=1/4

(-a,0) Ala, 0) .
x B X
2

Yy 0=-n/4
2
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x = a(0 -sin 6),y = a(1 - cos §) ...(2.30.1)
- trace the curve firstly for values of 0 in the interval [0, 2]

9w o DN metry : On changing 6 to — 0 in eq. (2.30.1), changes to — x and
=x (x—2a) 1. fg’;‘ ains unchanged. Therefore curve is symmetrical about Y-axis, ¢

origin: Putting y = 0 in eq. (2.30.1), we get,

Hnawer |

The given curve is, 4ay
Origin : The equation of the curve does not copg

1 e ain
Therefore it passes through origin. any constan?%] 2 a(l-cos0)=0
. : i —cos0=0=>cos0=10r0=0
2 symmet.ry : Equation ?ontmns only even Powerg ofy th ! in 0) = 0. Therefore, th
. symmetrical about X-axis. ) eref% ' For 8=0,1= a(0-sin0) =0. ore, the curve passes through the
i ection with X-axis : O : 4 igin- .
3, Pomtt of Inters VN putting 5 - 0,in :r;f,l;ptotes : Since for any finite value of 6, x and y does not tends to
we ge , 2y ; 3. 4 nite, therefore the curve has no asymptote.
x(x-2a)=0 ' Points of Intersection :
x=0,2a * i Intersection with X-axis : Putt'ing ¥ =01in eq. (2.30.1), we get
On putting x = 0, in eq. (2.29.1), we get g =0 which give X = 0. Therefore, intersection with X-axis is (0, 0).
y=0 " Intersection w.ith' Y-ax.is : Putting x = 0 in eq. (2.30.1), we have
~ So, the point of intersection is (2a, 0). g — sin 0 = 0, which is satisfied by only 6 = 0, which gives y = 0.
4. Region: day? = x (x - 2a)? Therefore, intersection with Y-axis is (0, 0).
) Jx 5 Region:weknowthat—IScos()Sl
y= Tia (x - 2a) Multiplying by — 1, we get
 becomes imaginary if z < 0. 1>-cos082-1 or -1<-cosB<1l
. Curve does not lie on left of Y-axis, 1-1<1-cos8<1+1 or 0<1l-cosf<2
5. Asymptotes: Th 0<a(l-cosB)<2a or 0<y<2a
ymptotes : The curve has no asymptote, Curve lies between the linesy =0 and y = 2a.
6. ’,:hangent : Equating the lowest degree term to zero, we get x = 0 6. Special Points : From eq.(2.30.1),
erefore x = 0 s tangent at origin, ' ~ dx _ a(1 - cos 6) and dy asin @
v do ]
dy _ _asind _ .6 1 (2.302)
‘ dx a(l-cos6) 2 (an®
. P (24,0) g e 2
- 0 —> X : | Corresponding values of x, y and dy/dx for different values of 6 are
' given below :
0 0 w2 T 3n/2 2n
4
rr;m,"?"%‘ g 3K
m,me;ﬁ; x 0 a(g— ] an G(?‘ ) 2an
|
y 0 a 2a a 0 ;
% @ 1 0| -1 |= |

Tangent at the point (0, 0) and (2an, 0) are parallel to Y-axis.
. (- dy/dx = o)



Tangent at the point (a7, 2a) is parajj) 0 X.ay;
From eq. (2.30.2),

2
Ly cosec? -91@
dr* 22dy
1,0
d 1 29 — cosec” — 5
Eg =- ECOSCC 2”9 P ' gki
d’y 1 ect 9 . Hence diy iS negag: %
o T 1 Y g, |
. The curve is concave downwards, &,
Y

= 9=27l'
#=0 Fig. 2.30.1.

Que 2.31. I Trace the curve : y%(q + %) =2*3a-y),

ARTU 2017.13, iy 32
Answer l '

X

The equation of the curve g
Ya+x)= =x¥3a - x) (23]
L Symmetry ; ¢ Since the power of y are even, therefore the cury
Sylmetrica] ahoyt . -axis,
2 Origin ; qQuation does ot contain any constant term Therefors,
Passes through origiy o, 0) The tangents at the origin are givenly
¥ =
. =13
Which reDl‘esen no fx
Xpect g tth D-coincident straight lines. Hence we mj
3 Ag Ptoteg . p, - OFigin,

degree ofy to alle Ito V-axis, by €quating the coefficient of highes
a +tx= 0
Pointg of

©,0) gpg (3?;) l"‘*’L'tmn
Region ,

th Ax €8 : The ot
e t € curve meets X-axis

M l\:'iathematl
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g
3q-x
y=X —a_+—x—
1,y is real
Ifx= =0, tl:)e itive 3nd small,y
Wh sp 3a -X < % i.e-v <3
A]SO y < \/—3-1 \/’
3x.
t
' ¢ lies below tange;: yO
curv = 3(1, .
Htence ; > 3a, y—lilmaglnary
ev.hen x=a, Y=
When - 28 _12a(nearly)
x=2a, Y= J§ 1), x = O will be tangent.
When t (3a, 0), then by eq. (2.31. ’o,ﬂ'mate shape of the
etransfer orie at in consideration, the appr
Ifw oints
labove P2 %o a1 1.
Tk 1saslhoWn in Fig. 2
curve YA
5 ¢
|I| -A_:/’
*\ /\ A
\\\\/\\\
0{_ .
Yy
Fig. 2.31.1.
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Differential Calculus-II

g-2C (Sem-D)

Partial Derivatives.

—  CONCEPT OUTLINE : PART-1

Partial Differentiation : If a derivative of function of several
independent yariables to be found with respect to any one of them,
thers as constants, it is said to be a partial derivative. The

ing the o
:;:f:t]ﬁm of finding the partial derivatives of a function of more than
one independent variable is called partial differentiation.
ou

0 etc., are the symbols used for partial derivatives. %, 5;

—_—

—_—
’

ox’ oy
also be denotedas u, u,. Second order partial derivatives are denoted

Note : If u =f(x, y) and its partial derivatives are continuous, then
ou _ o'u
dyox

oxdy

Questions-Answers

Long Answer Type and Medium Answer Type Questions J

. Oz 0z
Que 3.1. I If, z = 2* + y* verify axdy ~ oyor

Answer l

z=2a" +y* L3111
Differentiating w.r.t. x, we have
0z e
— =yt 4y logy
ox
Again differentiating w.r.t. y, we get
2z 1
=x 4y tlogx +xytlogy +y° —
pym ¥ gx+xy T logy+y =

=21 (1+ylogx) +y ' (1+xlogy)
Now, differentiating eq. (3.1.1) w.r.t. y, we get

0z .
— =x'logx +xy*©
cy



—

Mathematics - I t R3¢ ( S%
w.I. t. %, we ge U
Dlﬁ'erentlatmg 1 : 94C (Sem-1) Differential Calculus-IT

vl

61 yxy-llogx+x’— + ¥ 4 gyt 10g
y
¥ 0 ou) _ @
=t (L+ylogx) +y1 (144 log 5 , 5;[!‘2 -a—r] alirs [r™*1 (3 cos? 6 -1)]
oz _a’i =n(n+1) " (3 cos? 6-1) .(3.3.2)
Thus, dyox oxdy Now, u=r"(3cos?0-1)=r" [% (1+ cos 26) - 1)
- ol - .
Que 3.2 I If 2 = flx,y) where x = €°COS U, y = e" sin p, Proye theg Differentiating w.r.t. 6, we get
2 @ =r"(§—(—2sin29)] =—3r" sin 20
2 (2] (3 i s "
% + 5 = ou ov o
o \F in 25 =-6r"sin@cos®  ( sin 20 =2sin 6 cos O)
4 l , -é—(sme J —6r" (2 sin 6 cos? 0 + sin? 0 (- sin 6))
o _of & 5f & ®
o oy —(%(sm(—)—) = — 67" (2 sin 0 cos? 6 — sin3 0)
€. (e cosv) +—— o (e" sin v) ou
ou o =32y 1 (_a_ (sm 0 —D =—6r" (2 cos? 0 —sin? )
, o af( ) of sin 6\ 00 o8
Similarly, e sinv) + — (e"
d o a " el (329 1 [ 0 (sm 0 a”)) ——6r(3cos?0-1) .(333)
Squaring and adding eq. (3.2.1) and eq. (3.2.2), we get sin 6\.00 o0
2 2 Now put all these values in eq. (3.3.1), we get
(af) (6/') _eZu(af) (af) n(n +1) " (3 cos? 6—1)— 6r" (3 cos2e 1)=0
b . \ox o M (3cos20-1) [n2+n—-6] =

: Smce,r"(3cos29 D#0
ezﬂ( af af) (ij . B ni+n-6=0
o - n-2) m+3)=0
Ques's n=2-3
IFor what value of n, u = ™ (3 cos? g — 1) satisfies the

ou 1 6 . | If u = Ar) where r? =22 + 3%, show that
equation 0r( )+,*—(sinea—u) =0?

mno % % - o+ L e [ARTU 2015-16, Marks 05 |
r
'Amwer
i(r2 w1 P ;‘ . 2= x +y ..(34.1)
o\ o))" sing 29 (sin 91] =0 ‘ Differentiating partially w.r.t. x, we get
N (331 5 or 5 o  x
Differentiatip, e =" cost g 1) o= = or —=7
8 t r,we get
B2 | Similarly, ‘_?’-=%
or T G,
CI‘ or (3 cos? 0- 1)] = ppri-1 3 COS2 9-1) | Now :)l'[ _ ﬂr)
el | : )
or =" Beost_y) Wiy T E o
ox &

Differentiating again w.r.t. x, we get



s n‘
4‘§4!~ 4

g

10r),
62 _ —f/(r)+x(-—-—'"_)f(r)+ f(r)ar
T &
- w)=vw—(u)+ 9
li.ax(uv ox uw(}x(v)+u03
X )x_lf,(r)_x_zf,( xz %(‘l)}!
=1f’(r)-”f’(r)+—f(r r—r ’_3 r)+,.\f.(r)
r
y X pn
L 0 < B0 510
3
a2 el -
2, ‘4-l)|
a‘2£+§il_t_ 2ty fv( )+x Zy fn(r)
o 4

2 " 1
2f'(r)+£2—f"(r) = f(f)+;f'(r)

0z &2
-s*-¥') 2 y -y then show that y —+x = _
|Ife Moy

Que 3.5, o
Haaver |
Given : e‘{? =x-y

Taking log on both sides, we get

— (x-y)
z=-(x%- z)log(x -y)
. 0z
Now, P =-[x2-y?) m +log (x —y) 2¢]
0z
¥ =51 [(x +y) +log (x - y) 2x] ..(35.])
and: é =—[(x2 2 (_ 1)
Yy [(x? -y )(x-y) +log (x —y) 2y (-1)]
&
¥ =x+y)+log(x-y) 2y
& _
Nowadding, o2 )2 log e-y) (362
86485 and eq, (35.9), e get
Y=+ x -
ox Yx+y) - -2y log (x

“V+xx+y) + 2xy log (x -y)

-I(I+y)_y(x+y)=x2—y2

3.6C (Sem-1) Differential Calculus-II
ma—llfum J;’ +y*+2* andx=ucosv,y=usinv,z=uv, then
ow 0w] u TG
uZLov—| = . 2016-17, Marks 3.5
prove“"“[ ) T | Ll

Rl
e

w _ W
ox

. P A— .1 v
JE+y+2 m W
_ XU COS U + yu sin v + zuv
Putting the values of x,y and z
u? cos? v+ u’ sin® v+ u’v’

Sk
(@
el

- w(l+v?) _ull+v)

ow
ugu‘-"' UJEUZ u1+v? _ﬁ+vz
Similarly,

ow *(-usinv)+yucosv)+zu

w JP+yt 42

ow —XxuUSInU+ yuv cosv + zuv
' JE+yi+ 2

_u®v cos v sin v + u?vsin v cos v + u’v®

B u\/17+ U2

Ut uv?
uy1+0* J1+v?
2y _ .2
Now,u-%)-—va—w=u(l+v) Y = s
ou 1+0* N

t=2, show that
X

fu=f(s 0, wherer= % s=2,
y ' oz

ou Ou _Ou -
T t% % =° [AKTU 2017-18, Marks 3.5|
‘Answer I
u=flr, s, t), r=%, s =2, =2
z x
ou _ 6u6r Ouds dudt

So,
6x Eré‘x asax Btf‘x
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a  or\y x y\r\%% 3.8C(Se
ou _ xdu_20u o ou .1(y)
ax"yar xat 5x—=2xtan ;—_y
ou au or or ou ou 68 au (?t "'(3,1‘ Now, differentiating w.r.t y, we get
—_—= { 2 9
d, oy 88(2)' a By L. —{ZJctan‘1 L }
an & ey - Oy (IJ y
oul-x) odull -
§E=a( 2] as()+“(0)—\x@ 15 ) = 2x 12(1)—1
ay r y? ar +;\U 1+y_2 x
ou -x au+y6u 0 x
— S 2
& yor zds -t ) 22:: 1
u oudr Oucs Oudt ™ i
e g = e u xt-y
and, %z ordz 0sdéz ot oz £ _Er
u _ %(OH@(——}’)-#&”(I) = ZYou e
% o os\z22) " o z\zgd@ mj[fv=f(%-3y,3y—h,h-%) prove that
* o
By 00 6V, +4V,+3V,=0. [AETU 2014-15, Marks 05 |
‘% zos xot (37
" e I
On adding eq. (3.7.1), eq. (3.7.2) and eq. (3.7.3), we get - Answer
Let, V=f(P,Q,R)
xg‘_‘_+yg‘£+za_u =0 Where, P= 2x—3y
o Ty o2 Q=3y-4z
R=42-2x
I = o a1 l)__ 2¢an-![ %], v=VP VR VR
Qued8. |If u = 2? tan (x y" tan (y)’ %y # 0 prove thy So, xR
% ov
ou o y AK Yas ZEP; " oR
oty o oy TU2017-18,Marks3,5J %
' 6v,= 12 19V (39.1)
T ! oP ¢R
Answer aV pi -
Similarly, V= 5B+ %(3”;—1?(0)
us= xztan-l(i’_)_yztan-l(a o —12_ oV wos
Differentiating wr.¢ £, we get y P 0Q .(3.9.
3 1 (- and, P i 0 _4)+ 2L
= = x\z( g)+2xtan-,(zj_y2 1 (1] = 0+ Q )42 R @)
b 2 B\ VoV
x — V. = _192L oy «(3.9.3)
o y z 2 5Q +125R

)

= | 2

Ayt tan~l(l) Yy
%%+ 42

X

= 2xt -1(}’ 2,02
ST ;)‘y(x_*\y)

5
+_y2

On adding eq. (3.9.1), eq. (3.9.2) and eq. (3.9.3), we get
6V, + 4Vy +3V,=0



Deriatives, Euler’s Theorem for Homogeneous 4
tal Dert %

To! unctiO)!‘
LINE :
GDNGEPT ouT PART-Z 4

jon : An expression in which ¢

s Function : very to

Homogeneous = alled a homogeneous function, Ap T j

ee is C €Xpregy: 0

the same degr N Ssigy .

[1] or 'f (}) is a homogeneous functiop ¢ (y)
X N 0

X,

the type *'f

el

Euler’s Theorem : If u is a homogeneous function of x ang ,,
of

degree n then x%ﬂ% =nu.
Prop.1:Ifuisa homogeneous function of degree n in andy they
2
x’%}ﬂﬂg@ﬂz% =nln—1u
Prop. 2: [fF(u) =V (x,y, 2), where Vis a homogeneous functiop
y, 2 of degree n, then
L,
& Ty
Total Derivatives : |
fu=f(x,y), wherex =, (), y = f, (¢), then ;

ou

F(u)
F' ()

n

oy dt
du/dtis called the total differential coefficient of u w.r.t. ¢’

Prop. 1:1fu is a function of x and y and y is a function of x, then

iny,

3-10C (Sem-1) Differential Calculus-1I

Questions-Answers
Long Answer Type and Medium Answer Type Questions

Find % as a total derivative and verify the result by

Que 3.10.

ect substitution if u = 2% + y* + 2? and x = ¥, y = € cos 3¢,

dir
L= o¥sin 3. | AKTU 2014-15, Marks 05 |
ouds Oudy Oude
- d yd wd -(3.10.1)
ou_, 0
= —=2 ,_'=2

gli
dt
_(_3—1_1_
ox
dx _gpn B _ 902 005 3¢ 36% sin 3¢
dt dt

92 _ 9,% gin 3t + 3% cos 3t

t

Putting all values in eq. (3.10.1), we get

i(ilit‘_ = 2¢(2e¥) + 2y[2¢¥ cos 3¢ — 3e¥ sin 3t] + 22[2e¥ sin 3t + 3¢ cos 3t

| = 4xe¥ + 4ye? cos 3t — 6ye? sin 3t + 4ze?! sin 3¢ + 6ze? cos 3t
| =4e[x +y cos 3t + 2 sin 3t] — 6e%[y sin 3t — z cos 3¢]
| = de¥x + 4e[e? cos? 3t + e sin? 3t] — 6eX[e cos 3¢ sin 3t — e cos 3¢ sin 3t]

[+ y = e cos 3t and z = e sin 3¢]
=4e x + 4e2t[e2¢] = o2t o2t 4 4o2t +2t

Now from direct substitution

u = (e2)2 + (e cos 3t)% + (e sin 8¢)2
u = e* + e¥[cos? 3¢ + sin? 3¢

u=et+e
u = 2%
Now differentiating, w.r.t. ¢
du
on gk
d

t
So, the result is verified.



)

3.

| 1
yithem®® IQ(M
’s th %

nd prove Euler’s theorem f,, llom

tate 8
quedt . N
function® \
Answer .1, is a homogeneous functio
Euler’s Theore™ Iful n of ang,, "
n, thep d%‘
ou
Ziy L = nu
* o
)
5 proofilet =4 (x
du -1 (ZJ [x" ,(y) I
o e 4 x/ | x*
5 20 =nx"f[‘) -x"‘lyf'(zj
ox . = (3 11

ou Y

2 () )
e

Adding eq. (3.11.1) and eq. (3.11.2), we get L

o]

ou  Ou
X —+y— =nu
o oy
5
Que 3.12. | Prove that xu_+ yu, = 2 tan u if
(4y%)

[AKTU 2014-15, Marks

u = gin’ L

)

Answer
U= sin‘1 (M\
Itisnot g homogen, L\[; : J;J
function, ous function, so first, we convert it into a h '
it into a homogen

3
. 1+ 2
SNy = 4502 x
—

1+(Z)1/2
X

Differential Calculus-II

4-12C (Sem
ous function of degree 5/2.

Now, ginuisa homogene
By using Euler’s theorem, we get

0 . J . e
~—(smu)+y——(sm u) =n(sinu)
o o

ou

L rycosu— = 5sinu
u = —
x CO8 y 3 2

x?ﬁ.,y?ﬁ = g tan u

ox oy

xl/s + yllﬂ

Que 3.13. I Verify Euler’s theorem for z = W ’
[AKTU 2013-14, 2015-16; Marks 05

1/3 1/3
xllz b yl/Z = ﬂx’ -y)
x "ty i

alich
(]

z = x5 flylx)
So, z is a homogeneous function of degree (~1/6). Thus using Euler’s
theorem
w6
1 :
Now gi ) (xIIZ +yU2)§x—2/3 _(x1/3 +yll3)%x—1/2
’ ox - (x? +y1/2)2
lxlIS(xIIZ + 1/2) 1 1/2,,.U3 1/3
o _ 3 y ——2—x P +y")
ox - (" +y1/2)2
l 1/3(xl/2 + 1/2) 1 1/2¢,.1/3 1/3
Similarly o _ 3y y —Ey = +y")
4 y oy - (xuz +y1/2)2
Now,

0z 0oz 1 1
X—+y)y—=—-— 3 K 2 2 1 2 9 1
e y Y " +y1,2)2 [g(xl/d +yl/3)(xl/ +y”")—§(.\‘“' +,\’1")(.l‘l JHPCN

_ 1Py 1
== : G 7y =——2



P Ox0y

Answer I

2 ou o*u
(xli?+ 2xy——+y° )

( 1

z 1
x4 +y4\

u= sin“LI\J
x8 + 6

It is not a homogeneous functio

-

y)s
X

Now, ita homogeneqyg function 6f degree —1—-

N S0 we Convert jt 1
. Dto a
function. . DJOgelleo
1
1 1
1 1 Y|4 1
1.7 X 1+(—) 3
sinu = £ by = \[ x J Or sin i[l+(£’)‘]
T .= 1 U= 12 x
1 . 1
x8 + y6 xa[l"'( J [——

[1+(%)5J

12°
By Euler’s formulg, x@+ yﬁu— = n&‘l
ox oy f'()

Where, n= Degree

_ 1 sing ’ d‘[u)"sﬁlui‘
S e =iy " i
Also, by Euler’g forrnula,12 cosu 12

u 2
x2\_+2’c.:, au 2azu
33:2 &% +y

& 8 g -y

[ Where, g(y) - MJ

sec? f')
= tanu[ C ' u } 2
12 To—-1| = adl Sec u-19
12 12 tanu[TJ
12x12tan"[tan2u+1_12]
.1
— » lagnnltan?y
? &Q:‘u' Ifu‘sin"[xa+y°+za
n-l‘-l-b );pl‘o
x%+y\+ ou Y+ c2 Ve that
o zé;auanu.
2017.15, Marks 3.5

|

3-14 C (Sem-1)

Differential Calculus-II

. l[::¢3+_'y‘“+z"’J
u=sint| =< 7<

ax+by+cz

L+y> 42

i = =v (say)
sin u ax+by 12 5
So, v is a homogeneous function of degree 2.
Us’ing Euler’s theorem,
ov ov ov _
—+y_—+z— =nv
*u Yoy e

o, . ;
o, . O (s —(sinu)=2 sin u
J‘:ax(smu)+y6y(smu)-w:az
ou ou ou _ 2 sin u
xms,‘gx_+ycosuay+zcosuaz

x_-p.yél—+z%kli =2tanu

| PART-3|
Taylor and Maclaurin’s Theorems for a Function
of One and Two Variables]

CONCEPT OUTLINE : PART-3

Expansion of Function of One Variable :
Taylor’s Series : Let f (x)
orders in the interval la,a +
of n,

; 2 ngen
f@+h) =f(@)+hf (@) 4+ %f'(a)+.........+w (D)

n!
The series (1) is the Taylor’s series for the expansion of f (g + A) in
powers of h.
Note:
i Puta+h=borh=b—a,ineq.(1)

f(b)=f:(a)+(b—a)f'(a)+
ii. Puth

b_ 2 — n
( 2:") f'(a)+......+(—bn\'a)f"(a)

=Xx-aineq. (1), we get _.

F&) = @)+ (x-a)f'ays E=a o o
“eq 2!
m. Pyt

w =xineq. (1), we get




2
1 x L
f)=£(0) +xf'(0) + 2—!1' 0)+.......
Thisis the Maclaurin series. 4.16C (Sem-D) Differential Calculus-II
Maclaurin Series ; Suppose f (x) Dossesseg o,
of all orders in the interval [0, x]. Thep for eVGrlnllous don Que 3.16. Find the Taylor’s series expansion of f (x, y) =35+ xy
value of n, 4 p°sitj\, “"at- int (2, 1).
, ] i”t@h'\ about po! ’
£ s n .
f@)=fO+xf (0)+§f 0)+......... +x\fn(0) y m
' ' fay=x+x"  f2,1=10
The series (2) is known as Maclaurin infinjtq Serie g f.(x,y) =32 +y*, £(2,1)=13
off(x) in powers of . Hrthey, fx,3) = 6, LaN=1
) ( ) ) = ny’ y =
Expansion of a Function of Two Variable , s Y, ,l:,(i ;’) iy £18 T
for a function of two variables, Ylopg the fw( ’y) % f”(2 D=2
OPQQ xy X, = ) xy -
) 8 Using Taylor’s theorem,
flx+h,y+k) =f(x,y)+(ha+k5J f+%(h§+k 6)2 f(i,y) =f2D+[x-2f 2D+ -1f (2 1]
' d +l'[(x_zyfm(z,1)+2(x—2)(y—1)f,y(2,1)+(y-1)2f”(2,1)l+...
. (},i +29) “ 1
Corollary 1 P ) 3! ) Fh.  10413@-2+ 4y -D+ 51126 - 22+ 4&-2) (-1 + 4y~ 17 + ...
: x=a,y= - : :
fl@+h b+k)= fa,b)+[A fila,b)+ faby, Q#é‘s,l"l." | Expant: l:f x in powers of (x - 1) by Taylor’s theorem
and hence find log (1.1).
. [hf (ab)+2hk/‘ (a b)+k2f (a,b)]+ mim——
orollary 2: In above expreccinn o . T fx)=logx=log(1l+x-1)
) eexpress1onputa+h_x b+k=y =logl@+h),a=1,h=x-1
%Y) = fla,b)+[(x - 0)f,(a,b) + (y - ~B)f,(a,B)]+ | f(x):lclxgx, fQ) =
.! frix)==, frf)=1
x—a)2f (@,0)+2(x - ~a)(y-p) (@b x
GO+ ~bPf, (0,84, fra= -1, ) =1
Corolla;-ys Puta=,p 0in aboy, '
o ‘
f( eXPI‘ESSIOn fm (x) = % , flll D=2
%9)=£(0,0) *
lx f ( +yf 0 O)]+ — [x2f ) _ -6 ") = -6
©,0) + 20y £ (0,0 £ = £
This i ¥

x
Maclaunn Series fop two Variableg +y? fy_y 0, 0)] +.. According to Taylor’s series,
\ ) = A1) + =1 (1) + ("21) oY 1) ED) frys..

Putting values in above equation, we get

(x - 1)

3 4
1)+ Lo ) @+ ge

f(x)=logx=0+(x-1)1+ 4!

1
logx = (x.—l)—E(x—l)z+§(x—1)3—z(x—l)‘+
Putx =1.1, we get




Mﬂthemﬂtics -1 3\170(
1.4~ 1)—-—(11 1)2+ (L1-gy_ 1 8\"'@

= (
Jog (1) =
log(1) = 0.095305 (Approxxmate) 4(1 1\1)‘
)}
/mIExPﬂ"dﬂ‘"”e’m ympowe”of(xd)an
Q::m \orms of 487 4
up
Tmswer | [, D= e tan-1 1 _
f,(x,y)=§t;“§_1yy for (11 11)-e tant 1,
"(x'y):e’/(l«ry’)y ) /yu 1))_ 5/2/4
/f(ff’ﬁ - gy (149 & A
f;y | e /_;y(l, 1):3/2
Ly )= 1+y

Usmgwlors;"? -/(1 D+la-DAL D+ -Df,

+o- ])2f {1, 1)]

1
2'[(.% 1)2-—+2(x D(y- 1)\

+o-1 ( N 23)]+

fny= 7 Zia- 1)~+(y 1)—

e
+§?[(x—1)22+e(x—1)(y—1)—5(3'—1)2]4_”.

Que 3.19. , Obtain Taylor’s expansion of tan~! ( 5) , about (1, 1) up

to and including the second degree terms.

[AKTU 2013-14, Marks 05|
Auswer |

Let fe,y) = -(}')
v}’)-tanl - _r
o) fLD=2

N |

Lt(3). 2 -

Ox 2
1+L x 1'2+y
x2

Differential Calculus-IT

2

3—180 (Sem-l)
of 1 x 1
) [, L D=

g - >
Y 4. r x
2
if . 2
on? (x% + y2)2 ’
i B>
»: &+ y2’
of %2 +y - 24°
oxdy (x* +3/2)2
eorem,

By Taylor’s th

fx, )= 1@

}_[(x_a)z £’—ﬁ—‘+2(:c—a)()"b

o+

5

L
T
R <
N——
.s;

- x_ 1
4 2

] Expand e log (1+) is

ﬂx) y): e’log(1+y)

fx_—_exlog(l +),
xx:e"log(l +y),
fxxxzexlog(l +y)’

e
f;/xx': 1+y’

_ﬁ__
f; 1+y

P
fw= a+y?’
e
a+y’’
2
a+y?*’

fe =

fi =

=T ix- 1)(—-2-)+(y 1) Fot

(x—1)+§(y—1)+4

1

LD =5
1
f,(L,D=-73

f,, (1, 1)=0
"

3

b)+[(x a)gf-+(y b)—-

P
)%4,(}.-[,)2#:,4'....

[x 1)2(2J+0+(y-1)2(——21-)}

1
1(x—1)2—1<y-1>2

powers of x and y upto terms of

AKTU 2014-15, Marks 10

£.0, 0)—e°log1=0

£.(0,00=
foeal0, 0)—

e
= — =1
/;xx 0,0= 1+0

£,0,0=1

f, (00)=- 1
f,, O 0)=-1
f, (0.0=



' x

f — —e 5 3\10()
Yoo 1+y. 7, (0, 0) fr\
According to Maclaurin’s series, S1
f..=f0,0) +[x£,(0, 0) + yf, (0, 0)] + 1 [x2 3.20C (Sem-1) Differential Calculus-I1
¥ 2l ¥1.00,0),
Put all these values in Maclaurin’s serieg, " J“’; £, ) 0
P _ 1 1 w 0, g ) Maxima and Minima of Function of Several Variabl
e'log(1+y)= y+xy- DY 3 x?y é 2,1 R Lagrange’s Method of Multipliers. es,

\yz
Que 3.21. , Express the function flx, y) = ,2 . 3
yz -~

Taylor’s series expansion about the point (1 2)
’ .

Answer ,

Here,

CONCEPT OUTLINE : PART-4 T

X < . s %
9 *% M ax:::la and Minima of Functions of Single Independent
Variable:

A function f(x)is said to be maximum at x = a, if there exists a positive
i umber & such that,

1 val . .
f(x,y)=x2+3y2_9x_9y+26 f(‘; g)h)<f(a) for all values of h, other than zero in the interval
a+h=x°r1+h=x0rh= (-5,0)

b - x -1 A function flx)is said to be minimum at x =a, if there exists a positi
th yor2+k=y0rk =y-9 numberSSUChthat, POSIERE

fa+h> f (a) for all values of &, other than zero in the interval
(-8,9.

Working Rule for Maxima and Minima of f (x) :
i Findf'( x) and equate it to zero.

i Solvethe resulting equation for x. Let its rootsbea , a,......then
f (x) is stationary atx =a,, a,,..... Thusx=a ,a,,
only points at which £ (x) can be maximum or minimum.

i, Findf" () and substitute init by turnsx=a ,a

......................
iv. Iff"(a) is negative we have a maximum atx =a . If f"(a ) is
positive, we have a minimum atx=a,.

v. Iff"(a)=0,find f""(x) and put x = @ init. Iff""(a)) # 0, there is
neither a maximum nor a minimum atx =a,. Iff""(@,) =0, find |
f""(x) and putx = a, init. If """ is negative, we have a maximum |
atx=a,, if it is positive, there is minimum atx=a,. f" (a)is |
zero, we must find f"(x), and so on. ‘

Repeat the above process for each root of the equation f'(x) = 0.

+ i [ B2 62f (92)“ , Maxima and Minima of Functions of Two Independent !l!
21" 52 t2hk ot kzﬂJ Variables : “
124 [ D(~7), oy o wn | Let f (x, y) be any function of two independent variables x and y |
L1 ¥ ~2) x3] ‘ supposed to be continuous for all values of these variables in the |
Fagye g 2 [(e-1y2 24 90 . | nelghbourh?od of their v.alpesa and b respectively. Then_ fla,b)is sm}fl
% +26 - 127, y-2)x0+ (y-92)x6 ; to be a maximum or a minimum values of f (x, y) according tofla +h,
b

b +k)is less or greater than f(a,b) for all sufficiently small independent

values of h and k, positive or negative, provided both of them are not
L equal to zero.

X <
1)+3(y—2)+(x_1)2

|}

+ 3(}1 = 2)2




athematics- I ' 3.

M 2 ¢,
axima and Minima of fix,y).
Wo rking Rule for M »: Sup Q%

p \ of 13
f nd y Find a-f and af osef(t ! 3’22 C (Ben - leferential Calcu]us,n
_.on function of ¥ ang.J E™ % an W, /’/—-\
is a given dy and ‘solve A Multiply ed- (3) by . and adding to eq. (2), we get the required Esran
3f 0 af ¢ o o
jons -~ =0 and —~=0. I +22=0 4
imultaneous equation® o oy 0 I order g, soly o |
i et
uations we ma either eliminate one of the variap) N heag o, % b
thecquations In the later case each factor of the firey equat.fa%n o ,, 0
be solved in conjunction w1th.each factor of the Seconq on '11": —+A % 0
Suppose on solVing these equations we get the pairs °fVaIUeunati0n ; thzzabove ihree equations, the values of
yas(a,b) @y b, etc., then all these pairs of roots wi]) give sta: *ay Soivf}r;gwhich flx,y,2)is maximum or minimsu(:nx’ ¥»# and ke find
Y : i 0 g 2
values of f (%, y)- o ou
To discuss the maximum o MUDIMUM 86X =a,, y = b, e shoy)g Questions-Ans ]
ons- wers
r-[ﬂ] s§= (_(9_21) , b= [ﬂ} d - : -
ax‘“ o oxdy o, o e Long Answer Type and Medium Answer Type Questions

Then calculate rt - s°. ‘
i If rt-s*>0andr is negative, f (x, y) is maximyp, at Que 3.22- | Find the extreme values of : f (v, y) = x* + y° - 3q.y,

y=b, a
1 l Answer I

iL If”‘32>Oand’isP°SitiV9,f(x,y)iSmim'mumatx=apy~b Here fx,y) = x° +¥° - 3axy
ii. If rt-s*<0,f(x,y)is neither maximum nor minimum at y - " f. = 3x*-3ay,f, =3y - 3ax, r =g gy
y=b1- =a, | :—3a,t=fyy=6y : Y
iv. If rt-5?=0, the case is doubtful and further investigafi. - < | 0% f, =0andf,=0
be required to decide it, rHvestigation wi - e o = b Wt
an y- —ax = ..(3.22.2)
Lagrange’s Method of Undetermined Multipliers : 2
Let f(x,y,2) be a function of thr, : ’ =X
s fthree vari . Fromeq.(3.22.1), y =
are connected by the relation, ables,y and z and the variable - %
- fx,y,2)=0, 0 | From eq. ( ; 2),
n the neceg iy oss | x _ N _
o sary condition for f (*,5,2) to be maximum or minimum || i ax=0 or x(x’-a’)=0 or x=0,a
; Whenx =0,y =0; whenx=a,y=ca
of =0 o of J .. There are two stationary points (0, 0) and (a, a)
Ox ’6y=0’7=0 Now, rt —s* = 36xy — 9a*
‘ At (0,0): rt—s*=-9’<0
There is no extreme value at (0, 0)
At(a,a): rt —s? = 36a? - 9a*=27a*>0
flx, y) has extreme value at (a, @)
Now, r=6a
Ifa>0,r> 0 so that flx, y) has a minimum value at (a, @)
Minimum value = a3 + a® — 3a* =—a*

Ifa <0, r < 0so that Ax, y) has a maximum value at {a, )
Ma)ﬂmum Value = —a3 _a3 + 303 - afi
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athematies” B,
mum and minimum djg¢ J
Qm ouoed gy

+ z"’ =24,
m the sphere e y’ ¢ W';

fmaxima and mmlmn, fing h

” od

distance
m int on the sphere be (x
Let the coordinates of the poi »%12) Whog, diy,
from (1,2~ V18 ,
= Jx-D + - 2 +(z + 1)
e,  fwnds D"' -1+ =2+ + 12

o, 3, 2) = weytez?-24

¢'s function,
Let us form ﬂF(L:g;a:g flx,y,2) + Mz, ¥, 2) = (x - 12+ (y-9p,
x4yl *e 3
For maximum or minimum distances, dF=0 24
ie, Ax-D+ nx=0

L
or T
Similarly, 2y -2) + 2y =0
,o L |
1+ ;
and, 2e+D+2hz=0 |
-1
7= —
1+
Putting the values of x, y and z in 2% + y2 + 22 = 24
(1) (2) (-1}
\{ted) * i) \1+xJ =it
On solving, ;\=_l 28
2" 2
Thus, when ;\=_l
2
x=2)y=4,2=—2
and, whep A=—g '

Thus thereqmred *=-2y=-4,z29

Th points ar,
s, thedistance o pig (3 Y224,
1 " 18

g-24C

Sem-1) Differential Calculus-I

D= [@-17+(4-2/+(-2+1/ =6
-4,2)is
D= [-2-1F+(-4-2"+(2+17 =54

Thus, shortest distance = J6 and longest distance = /54

Bndv for (_ 2’

44'] Find the volume of the largest rectangula:
Que

pm-,,llelopl

iped that can be inscribed in the ellipsoid,

2 2 2
L+_y——+-z—— = l,

»

Consider &Y z) be a vertex of parallelopiped, then it lies on the ellipsoi
on Y

2 2 2
%+‘—y7+-—2—=1
; . s are 2x, 2y and 2z, then the volume V is given by
Dimension V= 2x 2y 22 = 8xyz
2 = 64 x2y% 22 = 64 x* cz(l—x—z-_z\
v #Y y L a* sz

[By converting the problem of three variables into two variables]

( £ y 2, 4
=64C L y - = 2 J =f(x,y)
o, 4% 2wyt
Qf; = 64c” (2xy' —__J"—jy—__fyn_!
ox a b )
A S \
i= 64c” L2xy—2xy 42y
oy a’ b?
S f = 2 2 121 }' 2V4j
A A~ b*
8: 8
s= -a——f—=64c (4@—;-%]
0x0y a b
o°f 1 2t 12y
t= %—2'264('-[ 1, ‘—(*:—‘ —"'-'[-,‘,‘;*“'}
Now lf— =0and — of = 0 for maximum or minimum of V.
ox <y

x* 2y
|

2x° 3'2\ 1198 o2 ' e s o
128 ¢* xy* {1—%—-};~J =0and 128 ¢7 X7y L_l T

=0



|
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Differential Calculus-II

Subtracting €
3 ~ : (Sem-V)
_.‘%+L =0ory= be "(ﬂ,q 5-28C
at b @ = gle box open at h :
2’ it 98”' A rectan open at the top is to have 32 cubic ft.
o . nsions of the b iri
From eq. (3.24.1), 1- —‘;2——0—2— =0 Find the dimensions © e box requiring least material for its
a constructio™ | AKTU 2014-15, Marks 10|
r= 7= ,
V3 ——er -
- _Ili= i ot 57 an% ilir; :h; d=1n31;nswns of the box.
a3 3 xyz = 32
(2 y) 32
2 — p2 ___y = —
and, Z=c Ll . b—"’J - (1‘1 1 = ..(3.25.1)
3\§J=°\2 Smfacearea,S=2(x+y)z+xy
Thus, £ a b is a stati 3 Putting the value of y, we get
, X=—=Y="F stationary oint n
575 point. At thisp afs+ )4, 2
2 Point, S=2 x+xz z+ . 3252)
20 12 o® p? ’ .
= U Bl a
r 64c{3——2___£b\“ S=2xz+§é+g
a :3 3 b2 9 x z
512 .; 5 o8 64
=g beeo Pl
oS 32
s=64c2{4 2 b _8 a b — =%- 3
B33 & =02 8 ayp e 2
9 @ 3v3 V3 ﬁB\) For least material,
= -ﬁab 2 3 oS . 3
c — = ie g 22
2 o W (325.3)
hw{za‘z‘z‘i 12 a® p? f .- ie _ 16
3 a9 ‘b—z??} i oz e FE (3.25.4)
512 ! From eq. (3.25.3), eq. (3.25.4) and eq. (3.25.1),
‘_TGZCZ x=4,y=4,2=2
o*S 128 2
rt_82= @2 ) * r=—7— 3 =2, :Q: ’t='6§=24'=8
albet _[256) 4, x ox & 2
? VAl - rs-?=2x8-(2?=16-4=12
- (ﬁ _ &*s .
AlSOr<0 9 026204(4_1)>O '__2=+2ySOS!SIIIiDiIDumetx=4,_)'=4,Z=2_
V*is maximyp, hence v/} B | Find the dimension of rectangular box of maximum
and, it Maximum vajye S maximum whep = % .- b L capacity whose surface area is given, when box is open at the top.
S y=—=2=7
Vera s VRN [AKTO 2013-14, Marks 05
- | OR



Mathematics -

i ange’s method find the dimepg;,
i ey Whosesulac arq'

open at the toP (b) box is closed.

Answer l

Let x, , 2 be the length, breadth and height of th

g € re
ea S is given by ct
Surface ar S =nxy + 2z + 22x \

V=xyz

, ’ . My
to Lagrange’s method of undetermineq . .. %
Accordlng F - V + A (S) multlpljer’ ..‘(3‘%‘

F=xyz + A (nxy + 29z + 22x)
dF=0
. oF _OF_OF_,
ie. % oy
yz+\(ny+22)=0
xz+A(nx+22)=0 "'(3-26;.
xy + 12y +2)=0 {3y,
Multiply eq. (3.26.3) by x, eq. (3.26.4) by y and eq. (3.26.5) byz“"a-zs.s
xyz + A (nxy + 22x) = 0 *Wek,
xyz + A (nxy + 22y) =0 -3,
xyz + A (2yz + 22) = 0 -~
On adding above three equations, we get (i
3xyz + 2\ (nxy + 22x + 2y2) = 0
V+208=0
Substituting A in eq. (3.26.3), eq. (3.26.4) and eq. (3.26.5), we have

3V
yz-ﬁ(ny+2z) =0

3xyz
yz‘—z?(ny+22) =0

nxy + 20.‘2 = §
. 3 ...(3.26

Slmﬂarle nxy + 2yz = §
..(3.26.10

2y2 + ?.zx = §
Subtracting eq. ..(3.26.11

(3.26.10) from eq. (3.26.9

x=y ), we get

b. When

that the ©

28C (Seln-l) Differential Calculus-II
) .(3.26.11) from eq. (3.26.10), we get
Subtractmg eq e g
Thus fro™ eq. (3.26.1),
S=nxx+4x %
S= 3nx2
S
2 = =
¥ 3n
i t top,n=1
en box is opent af
Wwh o ‘E
_ 18
2= 5\3

pox is closed, i = 2
S

x:y:Z: -g

5.27. | Atent of a given volume has a square base of side 2a, has
" .1 o yertical of length b and is surmounted by a regular

Qv o
its four s:::.eh;ight h. Find the values of a and b in terms of h such

sl anvas required for its construction is minimum.

LetV is the volume and S is the surface area of the tent.
V= 4a%b + %(402)’1. .
.. Volume of pyramid = 1/3 (Area of base x Height)]

S = 8ab+4ava®+h®
[-+ Surface area of pyramid = 1/2 (Perimeter x Slant height)}
For minimum canvas requirement,

as ,dv

[

St A— =0
» 6a+ oa
4a* 8ah ~
8b+4\/a2+h2+m+k[80b+—3—}=0 (3271
oS ov
A =0
» b n—
8a+4m2_0 43272
oS oV
—_—tA— =0
oh " oh
4ah 4 2 ‘0-7 ‘\



‘/—h ineq. (3 217.1), we get

__2anda
Nowputtlﬂg
T -2 8b+f =0
i ﬁ
8b-6h+ 3 —16b”'§' =
_h
b= 7 !
a= ig—handb= E
Thus, )
8.28. I Divide a number into three parts such that the product
?ﬁ:st,square of the second and cube of third is maximum.
0

r'TU 2016-17, Mark@
m l d F= xyZZ

Let ‘N’ be the number, N =x +y +2 a0
Consider Lagrange’s function Flx, ¥, =1y +Mx+y+z-N)

According to Lagrange’s method of undetermined multipliers,

y2'+1=0 ..(3.28.1)
292 +1=0 ...(3.28.2)
3ry’2?+1=0 ¢ ...(3.28.3)

Multiplying by x, y and z in eq. (3.28.1), eq. (3.28.2) and eq. (3.28.3)
respectively and adding, we get

6(xy’2’) +Mx+y+2)=0 or 6F+\N=0 or }‘=_-6FF

From eq. (3.28.1), eq. (3.28.2) and eq. (3.28.3)

s SF _
N~ ..(3.28.4)

0 C (Sem-1) Differential Calculus-II
6F
3 — =
2yz’ - 0 -.(3.285)
6F
2 =
Bxy’s ~ 7 =0 (3.286)
M ultiplying by ‘¢’in eq. (3.28.4), we get

L 6
Similarly, multiplying by 'y’ in eq. (3.28.5), we get

6Fy 6F:
28 _ <2 = - _y _ N
2xy°z N ¢.)r 2F = N o = 5
Similarly, multiplying by 2’ in eq. (3.28.6), we get
sy’ - 852 20 or ap-8F2 . ,_ N
N , 2

Hence, ( IZ l;’ ﬂ] is the stationary point.

Now to find whether ‘¥’ is maximum or minimum.
Let ‘F’ be a function of x and y.

F=xy*!(N-x-y)

F=xy? [IN°~(x+y)°-3N (x +y) (N - (x + )]

F=xy? [N*- (2 + y° + 3xy (x + y)) - 3N? (x +y)+ 3N (x + y)}

= [NPxy? — x%y? — xy5 — 3x3y3 - 3x?yt — 3N 2y?
—3N%xy® + 3Nx3y2 + 3Nxy* + 6Nx%°% ...(3.28.7)
Differentiating eq. (3.28.7) w.r.t. ¢’, we get
oF ,
=N%? - -y° = 9x%® — Guyt — 6N?xy? — 3N?*3 + 9Nx2y?

o o + 3Ny* + 12Nxy?
Again differentiating w.r.t. ', we get

o'F
e =— 12¢%” - 18xy° - 6y* - 6N%y? + 18Nxy? + 12Ny3

N R [HROORT)

o (2] o (9)3) v (Y]

°F  N? N* 031-‘]
=7 ==—-— oI, r=— — VrE—
5 . . axz 9 v 9 l éx’ 4
Differentiating eq. (3.28.7) w.r.t. y’, we get
oF
5)’ = [2Nxy — 2v'y - Bxy* — Oxly? — 120" — BNy

= 9N’xy® + 6Nx% + 12Nxy® + 18Nxy?)



\,‘\ !

Ut mehaggy U,

iog-1
ﬂtlcs e r_t, fy’y we get

gl agﬂln
fleventiati’é 3_ 18x% —
piffe 6/21;_' V- oxt — 20y 'y — 36x2y2 _ o,
»’ _ 18N%xy + 6Nx® + 36Nxy2 | 3

er fe(3)-2() ()5
ey
aad %)1“”(‘9(%)*6”(%) +36N(%J
( o [

Mathe

[~]
(=2

/N

co/%

~/

w/Z

~—

w/Zz
—_—

5 4
45 = =N
FF __ 2 N*ort 72

ree———
o~
"
23

> | 648 p
BF _ vy -ty - Y - 2y~ 1w, |
Now, iy — 9N + 18N’y + 12Ny® + 36Ny

_— =

or, ‘
|

(g )G
v (3)(3) (%) 28 (A (%) 10w (2)

o for(2)-o(3) ()5

BZF A’4 s N4 [ R — a—zi‘-
— =-— o1, §=— — :
oxdy 36 36 oy
Now checking the value of (rt - s?),
o (N5 ) ( N 5N® N®  9N°
rt-s —(——} -—N _L__ = - =
9 )\ 72 3%) 648 1296 2
(rt—s*) >0 and r < 0 which is the case of maxima.
Hence the numbers would be maximum for the values of x, y and 2

(E_JYI_V)
6°8°2)

3-32C (BemD) Differential Caleylys. 1y

Jacobians, Approximation of Errors

CONCEPT OUTLINE : parT.g
.......................... un are funct' .
............. x_, then the determinan:()m of 7 independent
oz, o, e
oy ouy ou,
= o o
ou, Ou, du,
ox, o, T P
is called the Jacobian of u , u,,........... u, withrespect tox,, T
and is denoted either by n
w or by dJ (u,, u,............ V).

¥l ( X5 L R X, .
Thus if « and v are functions of two independent variables x and ¥,

then

=dJ (u, v)

@
0u,v) | ox
o(x,y) | v

ox

Q)Ig; Q)Ig)

Approximation of Errors : Let f (x, y) be a continuous function of x |
and y. If 8x and 8y be the incrementsin x and y respectively, thennew

value of f (x, y) will be f (x + &x,y + dy) i.e.,
8f = flx+d&x, y+3y)-f (x.,y)

Expanding using Taylor’s series
Ei 3
S

o o
8f = f(x,j')+b.xa-x+og -

C
-

O] e
Neglecting higher powers, f = ax o +0) 2

&, & and &f are small changes inx, y gxxd f. -




- A "'\J(

and Medium Answer Type Q,,, Stion,

Long Answer Type

—1 ¢ Jis the Jacobian of #, v With respect to >,
Qm‘ﬁ‘”“ ¢,y with respect to u, v, then iy
the Jacobian 0t %) 4 (u,v) 0(x,y) -

JJ'=10F 52y d(u,v)

P usposhe) e o020,
Let,. and y can also be expre_ssed as functions of u .

get
ou ox  Ou Oy 0= @é.{.@g

= ayau aa oo ~(8.299)
Py v v oy
= %%+5%’1=?&5+55 ~(3.293
Now,
o o o
owv)dlxy | & ||lou ov
3 0wy & dly
ox oy|lou ov
ulr Oudy Oudr oudy
_|®ou dyou oxov oy v
|wE oy o oy
xou dyou ooy oy ov
10
"o 1{”

Que 8.30, llfx+y+z=u,y+z=uv,z

OR

"""y"‘"’y*"uv,z.uvw
’

=uvw show that M =up.
0 (u,v,w)

then fing 9 %:3,2)
0 (u,v,w) °

AKTU 2015-16, Marks 05

The given relation gy, be writte
nag

. .

w:l—)/—\ Diﬁ'erential Calc\ﬂu..H
F \

1=x+y+z—u=0
Fo=y+z-uy=
Fi=z-uww=9

8 (x,9,2) o(F.F.F
- = (_1)3 1, 1) a(F'F,F)
Now, 0 (u,v,w) W/W -(3.30.1)
_1 0
We have: 5, 1 w) g
W —uw —yy
= —u?
111
a(Esz’Fs) = 0 1 1 - 1
and o(x,y,2) B
o 0 01

- From eq. (3.30.1),
0(5,,2) _ ~(u'v) _
dwvw) 1 UV

Qu93.31 The roots of the equation in A, (A

-x)%+ (A -y)p 4 (A -2)3=
0 are &, U, W-

R —— \
0 (x,y,2) w-w)(w-u)y_ v)

OR
If u, v, w are the roots of the equation (A - x)3

Prove that :

A=y + (h-zp
0 (u,v,w)

m [ AKTU 2015-16, Marks 10 ;
bl bl
Answer

The given equation in A can be written as,

31 -3A% (x+y+2)+3h (x2 + y? +28)-(+y%+ 2% =0

Since u, v, w are the roots of this equation, therefore,

U+tv+w=x+y+z
Uv + 0w + wu = x? + y? 4 22
ww = 1/3(x% + y% + 23)

The above relation can be written as
Fzu+v+w-x-y-2=0
F,=uv+vw+wu-x>-y*-22=0
F,=uvw-13x3+y3+2%) =0

=0in A find

Now, __6 (u..’v’w) = (_1)3a(F;st’E;)/EEvaE;,EQ) (331D
0(x,y,2) a(x,y,2) | éuuw
We have,

cor e AR TR

e



'ﬂ,ﬁc(

ies-1
Math 1 -1 -1 1 1 5 'lj
F)_|_2x -2y -22|=-2/ x | C (Sem-D ifferens:
X, ) . 2° in 0
__2(-2) -2 (x-y) / Au,v,w) _ :;necf)s.p " €086 cog ¢ =7 sin Bsin ¢
1 1 1 or,6, ) HCO:;n't' T cos O sin ¢ 78in cos ¢
(FFJ;) p+w utw utv oo 4
o7 = ¥ Bc0s ¢ cospeng g
Also (v, ow o uw. uv =r?sin 0 | sin g s BNy
‘ e w-w @-v) cose"¢’ €0sBsing gy
- = r2 gin 0 [gj 0.8 0
p—— (3.3LD), 2 )bl Sin 6 cos ¢ (0 + SIn 9 cos ¢) —
w) = c
QB = 1~y —w) w-w) uv) Csing (oo O=cos0cog )
o), _ B = r2sin 0 [sin2 2 es‘n¢‘coszesin¢)]
(y-2)(z x)(x-y) [sinZ @ cog 6 + cos?
- -2 ) w-u) (u-v) €05"B cos? ¢ + sin? g sip2 ¢
= —~w)w-u)(u-v
v-w o 7% i 0 osd b+ sin? o + cos? § sin2 ¢l
__——‘_IFind ﬂf’_&f’.} ifx= Vow,y = VuWw, z = Juy ow,v,w) _ o .
Q“ew' 5(",9'¢) Ar, 0, ¢) sresmd
=rsin 0sin ¢, w=rcos 6. -
ysrst ’ ox, y,2) _ dlx, %2 ouvw 1

du:rsin0c08¢! B[ 7 ’
an AKIU2014‘15’ alkslo a( ,6’ ¢) a(u’ v, w) a(rr e’¢) 4r st o
333. showthatu=y+z,v=x+2zz,w=x-4yz—2 are not
y2 o

independent. Find the relation between them.

Answer
X=\Jow J’=\/l:;’-’ Z=\/l-l;1 1 __-—-—_']
v
S Rnower
2Vv 2Vw Uu=y+z
05, 3,2) _ 1/E 0 1‘/2 | ao
owvw) |[2Vu 2Vw ) 5 J‘:.J’. ;
1 /v 1 [u 0 CTu Tu _u;
s B S ox oy oz | | ‘
2Vu 2Vv owv,w) 2w @ 0 1 li
Multiplying and dividing R, by vow, R, by Vuw and R, by Jou , weget 032 ~|ax & & =!1 0 4z |
S B & (1 -4z-4y -4y
0 w v = = =
NEIR NS T O &y @
8 Vow vuw Jou =-1[-dy-42] +1[-4z2-4y] =0
. v u 0 Hence u, v, w are not independent.
- =x-2%-dyz=v-22-2% -4y [ x+2=
= 2L o) w=x-—2 y e —dyz D X+ 2=
fuvt: =v-2z+y)?
- X 1 w=v-2u?
= X — =
Aot uvwXZuvw_Z or ul=v-w
% u=’5in9°°5¢,v=r8inesin¢ w=rcos0 ,
y =T CO , Que 3.34. [ Show that the functions :

f U=x+y+z,
v=x2+.1'2+22—2r) - 2vz - 2zx, and
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are funcﬁonauy
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)

petween u,v, w for the Values

— . relation
m’mdﬂle =x+2y+z;v=x 2y+32;

::=2xy_zx+4y'z-

u=x+2y+z
U=x-2y+3z

222,

AKTU 2016-17, Mapjeos
R

w_-_-2xy—2x+4yz_2zz

1 2
w: 1 -2

Wehave, 6(x,y,2) 2y_z 2x+42

=1[-2(

Since Jacobian is 2 '
and hence there exist a relation be

We have,

1
3
-x+4y-4z

—x+2y—3z)—3(2x+4z)]—2 [-x + 2y -3z — 2(2y - 2)]

+1[Zx+42+2(2y_z)]=0

ero, therefore these functions are not independep;
tween them.

Bovt= (x+2y+2)° —(x-2y+32)°

= (x+2y+z+x-2y+32) (x+2y+2-x+2y-3)

= (20 + 42) (4y - 22)

=4(x+2)(2y-2)=4(2cy —x2 + 4 yz — 22%)

Therefore u®-v? = 4w is the required relation between u, v and w.

Que 3.36. I Ifx=0v"+uwy=uw?+u?z=u®+v?then show that

oz, y,2) ou,v,w) _
ou, v, w) &(x, ne)

|AKTU 2016-17, Marks 3.5|

Q premap. ] 2
Given:x =y twhy=wl+ul z=y? ¢ 2

7C
(8¢
Ny
)

Msthenl‘tics . o b
b2 ted, Find the relation between ¢y

NoWCO
ut=y %

& o

ou w o
a(x,y,z)=ﬁayay_02v2w
aw,v,w) | ou v | |2 0 2w

& x| WP 0

u v ow

= = 2u(- duw) + 2 (4uv) = 16 yyy

nverting (ur v, w) interms Of(xn Y, Z), we have
z=y_(x—v’)=y—(x—z+u2)=y—x+z_u2

y._ % z) 2=(i z_z)
or,u2=('2"2+2 AR TR a“dw2=(f+%_§)

2

ou 1 ou_1 ou 1

Now, ox 4y 4w 4
®_ 1w 1w
ox oy 4a 4
w_ 1w 1w 1
x  4w'dy 4w e 4
ou ou ou
ox oy oz
——— o v -1/4u 1/4u  1/4y
NOW,W= % o & = Vv -1/40 1/4
ow ow ow 14w 1/4w -1/4w
x oy oz
_ 2 - 2 4 1
64uvw 64uvw 6Gduvw 16 wvw

Oy, ug,uy)
0(x,,%5,%,)

o(x, y,2) 0u,v,w)

o(u, v, w) 0(x, y, 2)

1
=16 uvw x =1
16 uwww

XX,

= X% and u, = , find the value of
* X, X3
AKTU 2017-18, Marks 3.5|
ou X%, O, Xy Oup X,
th —1 =3 ) 1= Vi
o5 3xl x12 atn x1 axa I]
then % ... ] Ouy = 5% Oty =



(3(11,12’173 o, oulg %— x, 2 %z,
2ale o I
2 A B
= 212x2 xx; XXy XXy
Ty’ XX, XXy "X
22,2 L2
nH%i 1 -1

=_1(1_1)_1(--1-1)+1(1+1)=0+2+2=4

Que 3.38 I Find the percentage of error in calculating the areq

2 . . .
an ellipse _’"_2_ +5 =1 when error of + 1 %is made in measuring th,
2
a
major and minor axes.

Answer
Area of the ellipse, A = nab

Taking log on both sides,
logA=logn+loga+logh

Differentiating both side,
g - 0+ Q.{.&
A a b
A b 8b
A x 100 = " x 100 + -b— x 100
da b
But, — ] o= -
, X 100=1, 5 x100=1

.. Percentage error in area is

oA
X"IOO=1+1=2%

3.89, l
Que B39, | Ifthe base radius and height of a cone are measured as

4cmand
calcu‘;:test:: with a possible error of 0.04 and 0.08 inches respectively,
percentage (%) error in calculating volume of the cone:

Differentja] Calculus-

r=4’cm,h=8cm

- given’ &r = 0.04 inch = 01016 cm
oh = 0.08 inch = 0.2032 cm
1
V=—-m?
Volume cone of, ‘ f3 -(3.39.1)
.o Jog on both sides of eq. (3.39.1),
Taking i
log V = log 3 +2logr+logh
Di ﬁ‘erentiatmg both sides,
§Y_x100=0+ &x 100 + ﬁx100
|4 r h
0.1016
EVK % 100 = 2( rat 100] + 0'2:32 x100=7.62%

20. | The two sides of a triangle are measured as 50 cm and

Que 3.

' m and the angle between them is 30°. If there are possible errors
70 g 5 :70 in the measurement of the sides and 0.5 degree in that of the
of 0. d the maximum approximate percentage error in

fin .
::;ilsil’ring the area of the triangle.

Given : b=50cm,c=70cm

sb
A= 80° 5 x100=05
8¢ L 100= 05,54 =05

c
A

B . c
Fig. 3.40.1.
Area of triangle ABC is,
A= -;* be sin A
Taking log on both sides,
log A = log % +log b + log ¢ + log sin A

Differentiating both sides,
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C(Sen"l) :
: Differentia] Caleulug-I1
9;{2 x4x001+15x0+4x15x00
1

Math‘ematics'l 3“41(;(
cos A
0+§£x1oo+ 2284 x 100 uy = T30+ 4xis 00
: 15’(4"‘—)((15)2 (.: 8’1:0)

5A X 10(): Q X 10
—A’ b
@x100=0.5+o.5+cot30°(0-5)"100=1+50(\/§)=87 6+
609, YV 100 = 14
= 1l 1 Find the percentage error in measuring the vol 9 © 100 =1.559
_ when the error of 1 % is made in meaq e,)rQ 1.5m

rectangular bo ey
eachside: AKTU 2016-179' Ma 8“1%
Markiny N

‘Answer l
Volume (V) = lbhh ’
Taking log on both sides, :
g logV= logl+logb+logh s
Now, differentiating the above,
v _ ol _Sk Sh

v 1 5

ol ob Sh
D A0+— i ‘
l + 5 x 100+ B x 100 ‘

0=1+1+1=3%

Error in volume, %,— x10

15m and length 4 m is surmounted by hemis
pherical
radius is increased by 0.01 m, find the percentagecch:::: lI::ﬁe |
(3

)
volume of the balloon. , AKTU 2017-18, Ma@

Radius () =1.5 m, Iength (h) 4m,dér=0. 01 m,6h=0

Volume, V = 1cr2h+ s
= + = 1tr3 w2h+ — nrd
On differentiating, ‘3 3"

OV = 2nrhdr + nr2 5h + % nx 3r2 or

V. o 2
" rhdr + nr? 8h + 4nr? §r

1tr2h+§1rr3
(2
i} thr+ roh + 4ror) _ 2hdr + roh + 4ror
rh + = pp?
3nr) rh+§"2




Double Integr®

ple Integral :
ngnge of Order of Integration
Change of Variables

A. Concept Qutline : Part-1 coeseeesseeseess : LSS
B, Long and Medium Answer Type QUESHONS wovvviv. ;1\2(; 4
...... \40 ’
g J— (4-13C |

¢ Areas and Volumes ‘
» Center of Massand Center of Gravity (Constant and Variable

ensities)

e : Part-2

A. Concept Outlin
Answer Type QUESEIONS cccuevvveeseunceninnnnnnn,

B. Long and Medium

4-1C (Sem-1)

C (servt
4/2 Avil ‘“Vari
able Calculuyg, |

tegral, Triple Integral, Cha
Double In " Ch ; Change of 0
ange of Vari rder of | .
f Variables, niegration,

CONCEPT OUTLI
NE : PART-
L e Integrals Over Rectangles .

) be defined on a rectangular regi )
R:a<x<b,c l:ilznf given by

we divide R into small pieces of area AA =
lIJfo int e y,) in each piece AA,, then Ax Ay then choosing a

”‘R f(x,y)dA= }All_ghz_; f (x,,5,) AA,
roperties of Double Integrals :
[[l.&f (x,9)dA =K [[.f (x,) dA (any number k)

Hﬂ (f (x,)) & () dA =, f(x,yidAiijg(x,y)dA

"
i UR fx,y)dA20 if f(x,y)200nR.
| £, y)dAz[[ gy dA f (528G R

y)¢A=HR‘f(x,y)dA+”R2 f(x,y)dA

v. HR f
It holds when R is the union of two non-overlapping rectangles \

R,and R,.
Integrals in Polar Coordinates : :
The integral is given as

0=p

| fer.oda= | 1" re0dra

R 8=a r=g1(8)
e function f (x, y, 2) is continuous at every

Triple Integral : If th
point of a region R then triple integral is defined as :
x=b y=T(x> 2=fy(x,y)

[, F i o |
x=a y=4 (x) 2=f(2,y)
aken as outer integral and then the limit

f (x,y,2)dz dy dx

Where the constant limit is t
of one variable and inner most limit is of two variable.

Change of Order of Integration : With respect to x and y We
evaluate a double integral by two ways :

i  First we integrate with respect to x then with respect to y
i First we integrate with respect toy then with respect tox.

In the first case we take horizontal strips or strips parallel tox axis
while in the second case we take vertical strips or strips parallel to




Mathematics - 1 tag “
ey A
yaxis. To¢ then change them. do

ut the .
ofi jon and iy
ocil:;e’?;osaﬂahles: it

Let the double integral be [, f@y)dxdy and the Varigpj,,

i X
be changed tou, v by therelation £ = @, v), y = y they g
y

genty [J] dsdowbere 4

Iy _|u @
oy |y ¥
ou v
. bian of transformation.from (x, ) to (u, v),
is ]fhe %:c:hange cartesian coordinates (x, y) to polar coqy

, 0). _

‘ gboisingx:rcose,y=rsmesuchthatx2+yz=r2‘
x ox )
or 00| |0s® -rsin@
& &/ [sind recos®
o ®

”x f (xy)dzdy = HR. f (rcos 6, rsin 0) r dr do
2 To change cartesian coordinates (x, y, ) to spherica] polar
coordinates (, 8, ¢).
Choosing  x=rsinfcos ¢
y =rsin0sin ¢
z=rcos @
Such that x? + y2 4 72 = 2

dinage,

J=

=r(cos’0+sin%0) =

.
I P PI¥
L B ¥
2| e ¥

m9m¢ rmsems¢

= 8in9!in¢ rwgesin¢
co8 0

—"sinesin¢

rsing c08 ¢ | = r2gin2 g

JTIV f(x'y.Z)dxdydz

= mv f(rsinecos¢,rsinesin¢,

3 To change cartesian
coordinates (r,2,¢). coor
Choosing

T cos e) rzsinﬂ ed" de d¢

dinateg (x, y,

2) to cylindrical
X¥=rcos¢

o c (Senl‘l) ‘ Multivarigpye Caleulg |

z=2
& o o
or o &

J = QQQ_:?S¢‘rm¢0
or od oz| - n ¢ resy
% o o L T
o % o

=r(cos® ¢ + sin? §) = r

: ﬂjv f (x,y,2) de dy d = mv for ©089,75ind, 2) r dr dg g,

v Questions-Answers \1

S
frsiis

Taking LHS : L
L’L‘(xy re)dydx= [, [L (xy+e’)dy]dx

o I‘z[—x—;i+e’]:dx=jj(8x+e‘—%x-e’)dx

] P
r(lx+e‘ —e’)dx=[7i+(e‘—e’lt!
1\2 4 n)}

7 21 Jn
7+2(e‘—ea)—z-—(e‘—e3)=T+e‘~e

Taking RHS :
[y +erdedy

J‘;Uf(xy +e') dx] dy= _f:l—‘%— + xe' Jl dy
AR o (2

2 4 ) 27 1. 2! *{.. ‘hi
[gz—+e‘l=l2+e'vq~—e 7

LHS = RHS
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Cq
pthemetics” seml)
dredy) where R is the region bou .’
Qd l)

oo i Evalll’te H y

nd =4
e parab"lﬂ’ =4x8
TR o
m ¢ shown in the Fig 421 Solvingy* = drang o _,
The regio? Ris iy
get

m. 432'11

_y-;-=4yor y3=43_—_>y=4andx=4

So, point of intersection of two curves is (4,4).

2
Taking horizontal strips, the limit of integration of x is T £02\/5 ang

the limit of y is 0 to 4.
Therefore the integral is :

4 2y
[[.ydedy= [y fdxdy
0y
4

4 4 2
[YILF dy = Iy.[Z y_y_)dy j‘ 2y3/z y_\
0 y/‘ 0 4

D
5/2 16,
J 2@ 40 2x(2Px2

5/2 16 ~ 5

= sz._42_§
B 5

_ 42

1-x

1
Idezdxdy.
9o

Evalum

© —y

35-21+10 94 _ 4
210 210 35

Que 44. I Evaluate HI (x + ¥+ 2) dx dy dz where

R:05x51;15y52;25253.

| AKTU 2015-16, Marks 05 |

| AKTU 201718, Marks 3.5|

e |
(Jc+y+z)2-|3

1 2 3 1 2
jdx!dyj;(x+y+z)dz=‘!;dx_!dy{—7——1

=2
0

J"dx]: (2 +2y+5)dy
0

1

1 2
Idxfdy[(x+y+3)2-(x+y+2) )=
0

1

1
jdx{(2x+2y+5) :l
0

1

Nlt—l
Nlo—a

l >
=-1—I dx[(2x+4+5)° -(2x+2+5)]
80

:o|._.

1 1 rx‘, -.’
I(4x+16)2dx=.f(x+4)dx={_~ :) -
0 0

Nalr-‘
ll
| o

2

ml»—a



Mathematics- 1 1 5,
] ‘l)
e iple integral

£ | Evaluate the trip

2 11 \/rj
=—dex I (y—xzy_ya)dy
20 0

2\2
xdx[l-xz—xz(l—x’)-(l—zﬂ]

xdx(2-207- 2% + 2t - 1 - x* + 2¢?)

5068

10 4.6 Evaluate T ",fﬁ ”‘/‘f-—‘,
0  xul ya0

dzdxdy.

The integral is : T “'z[ﬁ .

220 xe0 v
1a4xa2z sy
=4x=2/7

=I I[y],!r'jdxdz=] Imdxdz

220 xa20
220 xa0

dy dx dz

z=4

1
-x!o[zmer;‘i"m (VL)J:G i
4z

dz = [ 2zsin™ (Ddz
4 =
= 12
0

dz= 2]
n? =8n

,8C (Sem-V Multivariable Caleyjys |

] Change the order of integration and hence ——

AKTU 2015-16, Marks 05

OR

12-x

der of integration in I = sy dydind
Chang€ the or i[;[ Y hence

| AKTU 2013-14, Marks 05 |
| AKTU 2016-17, Marks 03]

te the same.

evalud

OR

: » r 1p2-x
Change the order of integration in I = I A L‘ f(x,y) dydx.

| AKTU 2017-18, Marks 3.5]

' As v /er given integral we have vertical strips but after changing the
order of integration we consider horizontal strips.

Y
=22 B(0,2)
y=x Y , 2) y
B (0 x=J§
2=0 Aﬁt;r chsg::ing _R_l_ \/A(1,1)
e or 'y R
ALD the figure 2
becomes = X
X 0
0
x=2-v
y=2-x
Fig. 4.7.1.
Initially limits are :
2 = 0 to 1
y= x?to2-x
After changing the order, we get
y= 0to 1

= v to2-y



5

o regions Ky and B, Inregion R, the limjy,
are
Now there

2 2-y

Cop2x = Jl' fxydxdy+j J.xydxdy

y=0x=0 y=lx=0

J 2 272~y
] bl
—| ay+jy dy
Fl o3l

2
f y’dy+-;-fy (2-y)* dy
0 1

1 3 472
= 1 £l+l[2y2 4;' +:Z.} =3
2(8] 2 4| 8

_.—-ZE"I Evaluate by éhanging the order of integratiop
Que

n
—_—
s

\ s
N |—= o

H

j[ & dxdy.

02y

Answer

f A
lr A 4
@1 1)
- 2 x= 2
x=2 * y= %

Fig. 4.8.1.

Initially limits arex =2y to 2 and y = 0 to 1.
After changing the order, limits become

y=0to g andx=0to 2.

12
Therefore the integral is I I e dx dy=
02y

n
o
(]
"
—_—
<
=t
=
]

4
t,ics‘I GQ(

‘/'y' while in R, the limits of » areq ofy
02

Multivari ,
50C (senl-l) ariable Cajey) ¢
k .
e the order of integration
gﬁ‘bé“‘g' Chang and hence evaluate
f v dsdy
¥e .
or
pns? a
I= I Iye YIx dx d
00
hanging its order of integration,
By ¢ 2w
1= ] foe iy
0 x
Zf— =t
Let, x
. g% -~
2 gy=dt =5[] xetdtdr=- 1] oo gy
x 0 x 2 S
17 . .
= —2-.[ xe dx=_[_xe _e,];
0
-2 [0-0+e = 1
2 2
Y4 |
\ /,,@
\ 3
P 77 .
.

Fig. 4.9.1.

Que 4.10. | Changing the order of integration in the double integral

I I f(x, y) dydx leads to the value I = ”f (x, y)dxdy what is
rp

the value of ¢ ? AKTU 2016-17, Marks 35|
e value O

Answer

Given: [= I j{ flx, y) dydx

0 x/4



Now on changing the order of limits,
y
!
- y= l .2

]

|

/S x=4y :

I

]

0 . —> %

2 4
Hence integration becomes, I = I f(x, y) dxdy

The above equation is equivalent to this equation,
I= | ff (x, y) dxdy (4109
rp
On comparing eq. (4.10.1) and eq. (4.10.2), we get g = 4y
2] Evaluate | [
41,1 Evaluate I I (x*+y*)dv dy by changing into polar
0 0

coordinates,

Puttingx = 080,y = rgin 6, we get

o ox

J= o o i cose-rsine
Y ¥ sin9+rc059’=
or o9

e Y
y=a
plx,y)
¢ (r, 8)
r
' s
(4] . —X
Jde dr = rdrd®
x2+yz=,-2cosze+rzsin2(-)=r2
Als:he Jimit of x, We find the upper limit
By
x= \a’-y
+yi=a®
=

Herey Var ies from 0 to a and x varies from 0 to 4Ny point on the cirele
£+y = a’.

Hence in polar form the circle is r* = q?

orr=a. Here r varieg from 0 to

o and 0 varies from 0 to 9

[ GPeydedy

0

=

© ey R

/2 a

= _[ f r’rdrdo

6=0 r=0

1}
[—

n/2 .
1, 1
~r dez_ 46"/2
[4 ]0 - (615

aJ

L
8

Que 4.12, I Prove that I” \/(1 dx dy dz =-ﬁ , the integral being

—x2-y?-7%) 8
extended to all positive values of the variables for which the

| AKTU 2013-14, 2015-16; Marks 10 |

expression is real.




i J
Li bk ~1,11_¢;_h ;
B

1&)1" :: i

B

:‘_—/, AN
Answer dx dy dz ’
' I=IIIJ;x2_y2_22

2 2 2
. w x2 +y“+
is real only when Yy +22<1, Hence .

e
1-x"-7 itive values of the ; .
, for all positt variableg . 8
integral 1 eﬂflntdhejt 0<xi+y?+2°<1l les, Le, :Qn
0,z > 0suc o 0
y> he region ofintegratlon 18 bounded by \
He:)e z= l—xz_yz (i.e.,x2+y2+ .
z=Y Y ) 2 "
y=0 y=yios (l'e"x2+y2-1)
’ x = 1 B 1)
x=0, here x2 +y2+2%2=11in th -
. i< the volume of the SP . 1 the posit;
gﬁ"a;l;:;; to spherical polar co-ord;natfzzs b); put2t1ng x=p si‘l’le gcta’lt.
mesm¢z=rcosesothatx +y +2°=r° Coy g
=rs ) 24924 22 = 11in the positive octant
77 Varig,

ume of sphere X

For the vol .
" and ¢ varies fromOto =
2

from 0to 1,0 varies from 0 to -

cing dz dy dx by 2 sin 0 dr d0 d¢, we have
1 r?sin 0 dr d0 d¢

n/2 pr/2
I"'J; J; J; 1-r?
1-0-r Gnodrdods

7/2 pn/2 p1
= J.o J:) J:) [],—r2
- Io"/z'fo"/zf: (‘/1_1_2—\/1—#] sin 0 dr d6 d¢
~r
1
1—r2+%sin"r] dody

- I”/z,[nlzsin B[Sin'l r- (r————
o Jo 2
B u/,2 n/2 . 1 1 oL
_J; L Sme[E_E'EJded)
n2q n/2
Y 5a 9 e = E
J; cos 6]y"" d¢ J; 1 do

Repla

0

n

S E I

LS
4°'2 8§

PART-2

volu™

i

i
Vol T [ff dedy dz
\’4

14V T TTuvarig
& \diltg C"\cu\u,,_
GDNBEPT DUTLlNE c m ——— 1

e by Double Integration :
tesian coordinates, V =
o 5 j r 2dxdy

Inc
In cylindrical coordinates, V - j , 2rdrdg

py Triple Integration :
(Cartesian Coordinateg )
V= rdrd¢dz  (Cylindri |
j !,I ylindrical Coordinateg) \
v= {[[ r*sin6dr de d¢ (Spheri
J_ JI I Pherical polay Coordinateg)

ouble Integration :

D
Ar ea 11’1}1’ Cartesian Coordinates : The area A of —_
" by the curvesy = f, () and y =, (x) and the hneesgxon bounded
~ given by X=a,x=bis
b folx)
A= [ dydx

a fil
and if the region is bounded by x = f, (y), x =, (y) and the lip
es

y=candy=d,then
d  foly)
A=[ | dxdy
¢ Ay
i InPolar Coordinates : Area of region bounded by the curves
r=f (@ andr=£,(8)and 8=c,8=Bis y the curves

B fal®
A=§ j rdrdd

a f(8)

Mass Contained in a Plane Region :
Let flx, y) > 0 be the surface density (mass/unit area) of a given plane

region D. Then the amount (quantity) of mass M contained in the

plane region D is given by
M= Uf(x, y) dx dy

<

D
Center of Gravity (Centroid) of a Plane Region D: _
The coordinates (x,, y,) of the center of gravity (centriod) of a p
region D with surface density fix, y) and containing mass M are

ﬁ xf (x, y) dx dy ﬂ yftx, y) dx dy
A o

c =

Areas ;
and i;cgumes, Center of Mass and Center of Gravity
onstant and Variable Densities)



¢ volume common to the cylinders 5. .

7 Fin d th

.Q'

Answer g
Required yolume = J._ J_ m!_ 77

= f_:j_gz/az -2 dydx= 4J.‘"a(a2 .

dzdy dx

30
=l — ) dx =8 azx_x_ =E
_8J'0(a x°) [ 31} =

Que 4.14. I Find the volume of the region bounded by the sy rface;
y=x’andx=y’and the planesz =0,z = 3.

Answer ,

<
n
1 Ne—
St
g
3
&

=3
n
St Ot ot
w
&
]
—_—
w
—
A
L
B
&

e

3(Wx-xb)dx =1
Y

yi=x

dy dx

Fig, 4.14.1.

a8e ang

cutouby
“’u'fhog

+x_2_ L2 43_£+£s1-569
P 05 ] " 1w
X

Fig. 4.15.1.
Determine the area bounded by the curves xy = 2, 4y = s*
| ARTU 2014-15, Marks 10
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Mathemaﬁcs -1 +17¢ (8
edregion . m-1)
Required of st Y 156 Multivari
4 2y d 4 2 'S ana'blecalcu]
- J 2 “j(z‘/_‘— d _g ] Bralvee [[[#'y2 dzd o
ye195 1 ly 430 ly dz th
' ‘ ¢ - janes £ =0,y=0 roughout the vo
92 w2 _ J dedbyp esx = hY = ,Z:oand£+2 2 Olume
= 2(5_)' log ¥ 1 botl” a b+; =1
AKTU
16 2 2016-17
_ql[=-21 2)-_ : » Marks
o5 ) et | s
28 _410g2 | V’I'lie giver integrel can be evaluated as follows :
-2 _4log bf1-2] f1-2-2
; ST
= 2
, fth re, 'on . 0 0 0 xyzdxdy&
Que b1 | Find he area of the T¢8! occupied by the ¢
4-% ul'ves a b[l'f} c[ _xy
y’s;ﬂﬂd)’z‘ o _ a ) 1 -E}
g - I I xydrdy z2dz
Anﬂﬂ" i °o 9 0
Givencurvesafeyz=xvy2=4"x b[l-f] 2
’ P d t' , g e ..f__x
Required areas the shaded portion: _ I J- £y dvdy cza_b)]
A= MLLO dxdy o o 2
g4 3 A fdxb[lf_ﬂ[(l—frni—z(l )y
A= | | dedy= [ 4-5*-y)dy ’?!" g SR (7
Gy B
V2 a 2 .2 4 3 [l-ﬂ
-0 4-2Hdy ly? (1——) Z_+_L_2(1__’EJ}’_ ’
{ 2{“‘" g " a) 3
37V
3] - [NJZJ 0y (Y (15 o]
3 g - Clods (1-1) b”—-—i’-—+b‘~——“—-z(1-£)x~“__x~
16\/2- . 29 a 2 b a 3b
A= —— square unit
3 24 42 B2
J = iszdxl:(l—fJ (é—+-——gb2]
—_ 23 o \2 4 37
A2, V2) - Ez_xéz_}xz(l_f] (1,5) d
2 124 a a
(0,0) B " 2 y ]
x ¢ b ( ’,_gf)( 2|
¢ 4,0 - E"i’!’cz[“a‘ A %)
bt ¢ ( : 9y 1 o2 9r 2 4xZ)
R C =2° [4? ¥ 2,z X - i s dx
- 2 !x Ie—g=— +a"+a‘ 7 7
9a 3 4
Fig. 4.17.1. _ E’L‘isz(“ x"j‘f_i'%ﬂ» L)d,
T 24 e 0 C




. 419
b’ f (.2 6x' 42° 4y5 U
o — I g X
) - 24 5 a a a3 a\‘ dt

pe'[a 68 o' 20" o
= EZ_ 3 502 a 3a3 7a4
- o' —8-+§-a‘"’—a3--2-a“+‘i3
%43 5 .3
_a%'e 176’1__75] _ o’’’ xL e,
- 105 24 105 £
24 105 m

70| Find the mass of a plate which is formeq by ¢
; : .

L A v
coordinate planes and the plane o *s i 1, the densxty 18 giyg,

by p = kxyz.

WA RS

P

Same as Q. 4.18, Page 4-18C, Unit-4.

( Ans. Mass = w
720

gue m. Find the mass and coordinates of the center of gravity
relative to x-axis, y-axis and origin of a rectangle 0 <x <4, 0<y<2
having mass density xy (see Fig. 4.20.1)

YA
(0,2) 4,2

Here density fix, y) = xy
Mass’ M= Hf(x: y) dx dy

R

M= [ ") dyds = .[o‘["y?z]z de
0

= [[2vdx-16

1)
20 Y (8e% ;
N y, be the coordinates of the center of Bravity of R, they,

Iﬂtxc’ 4 1
- E{—”nxf(x’y)dxdy=%f;rx(xy)dydx
0
1 4Ly
o gl g et e
=1 -
. ¥,= M” R yf(x,y)dxdy=ﬁf:,f:y(xy)dydx

- __1_ 4x[y—32dx_1 4 4
160713 ‘gfoxd"=§

7 Find the mass, centroid of the tetrahedron boundeq by

x ¥y z
ordi ates planes and the plane a+_l;+z=l'

the ©

Lot p be the constant density of the substance (mass/unit volume).

Mass of i the tetrahedron, M = Jlj.pdx' dy dz

M=o TUI gy

- [ e3P
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Mathematics - I 4
i f th i (84
z) be the coordinates 0 the centroid. h“l)

Let (x,, Yo
Then,
_ (e b(l-f) c(1_§-z)
ch—PLIO Io Yx dz dy dx
el ( Xy
—pJ‘oJ‘o cxl—;_zjdydx
A -3
cPo[x(l—a)y—E]o dx
2
_ a —E _ a2
Mx, cpbfox(l " _pbcE
%¢ 6 _a
Therefore, X, p‘;Z b _E
b
Similarly, V=3 and z, =-26-

‘*i_:;’

ot 14 :
; Gf“d;d pivergence and their Physical Interpretation

e oy Derivatives
:; Z:t and Normal Planes

line : o001 3 JT—
oncept Out ’ e ——

o i A TP QU e

Pa,t.z e Lesersesesesesset (5-19C to 5-37C)

G Line Integral

) Surface Integral ,

o Volume Integral

s Gass's Divergence Theorem

, Green’s Theorem

, Stoke’s Theorem (without proof) and their Applications =i

A Concept Outline : PATE-2 oo 5-19C
5-21C

B.Long and Medium Answer Type QUESHONS ..covvvvecvssirns



V
: _ &1%1%
| PART-1

nd Divergence and their Physica] 1y,

s Curl a 0 ks
Gradm;?ectional Derivatives, Tangent and Nor. falp l‘mtqti"n

D

ectorint
are equal oT
Avector s denoted by @ of a.
ars and Scalar

is avector,
is oppoSlte

and multiples like Cv scalar multiples of v.

A

Equal Vectors : Two vectors are equal if

af +bJ =a'z"\ +b'J @a=a'andb=p

[v|= Ja® +b

Operation on Vectors :
It A A A A
Vi=0,i +b J and v,=a,i +b, J then

vty =(a4a) zA +(bl+b2).;,md

Vi=V,=(a,-q,) i+ (b, —bz)f '
Unit Vector : Any
vectors i and are ynit vectors.

; A8
li =110 +0J = 12+0%=1

Pt il

Vectors:AVthe same if they have the same length apg

~ONCEPT OUTLINE : PART ™

he planeis a directed line segment,

. ' oCty,
dirgy: '8

Ctigy

Multiples : If C is a non zero real nyy,

the direction of Cv agrees with that of vif C jg
to that of vif C'is negative. Real numbers are ¢

Tan

alled SCalal'g

‘Hv=ai b?,thevet Bi s
Components : If v =ai +0/ corsai and by apeyy

A .
vector components of v in the direction of i and J . The Numberg ,

and b are the scalar components of v in the direction of i and |

Magnitude of a Vector : The magnitude or length of v=¢ ;‘ +b f s

vector whose length is 1 is a unit vector. The

]

sc -
the (t) Af(@)
L mt - L r
d N i L
L df(t)
. limit is denoted by — "7 54
ue of this dt and is called the d eriva,ﬁ‘,e

e ¥

ct tot

® WithreSPe ti é'on :Ifa, b .

ff(t erentiation : ll a, b and ¢ are .

oﬂuleﬂ for alar t and ¢ is a differentiable scald}fefent}::l‘:efv
function of, then

. nsofasc
we d bxo)= a.bx2+a @X
—(a. dt .dt C+E.bxc

1 t
daxbxe]= aX(bxﬂ)ﬂzx(é ] da
2 @t | dt di ")t g xlbxe)
s and Vectors Field :
gcalar ple quantity whose value at a point in a space de
v;.u:mn of the point is called a point function.

osxtlom_e two types of point function : '
T.here Scalar Point Function : Ifthe position of the point is given b

a scalar quantity e.g., ¢ (x, y, z) then ¢ is called scalar poin{

function. .
Vector Point Function : Ifthe position of the point is given by

Pends upon the

il.
avector e.g., v (%,,2) then v is called vector point function,
Gradient of a Scalar Field : If ¢ be a scalar field then gradient is

given as :
2 C 20 ~ 0
grad ¢ = t—¢+Jf—¢+kC—
ox " ¢&y oz
grad ¢ = V¢

OPrroperties of Gradient :

i  If¢isaconstant, then V¢=0.

i. If¢, and ¢, are two scalar point functions, then
V(o £ ¢,) =V, £V,

ii.  V(C9, +C,b,) =C Vo, +C,V0,
where, C, and C, are constants.

v. - V($,0,)=¢,V,+,V0,

(21_\ _ ¢2V¢1 "¢1V¢2 ;
V. VL%} _——————¢§ ,0,#0

Divergence of a Vector Point Function : If vbe a vector pomnt
function, then




= -_——+ ‘.‘—+ .
e d oy 0z

Curl of a Vector Point Function: The curlof avector fug
ctibn

= .
v isgivenas:

> > (20 40 4 5
curl v=VxV = zaugﬂea Xy

4 a;+}xav+}2x
=] x— —_ —
! ox oy
rif v v,z+v,,_;+V3k then
iJ k
2199 9
curl v= x oy &
L Vi Vu Vg
Questions-Answers

Long Answer Type and Medium Answer Type Questiong
\

Que 5.1-' I If f= xiz z:— 2ysz’ j+ xyzz l; find div f and curl f g
{1,-1,1).

.Answer l

L lef:Vf

X 4 i
J (x%2i -2y°2® [+ xy’2h)

‘(x Z)—5(2y322)+ (xy z)

. -?xz 222
divfat (1, -1,1)=2- nylz-j;y
ij ok
1. curl f= 2 4 6
o o oz
h £ f

1
~.

(nyz+4y z) (yz x)

At(ly—]" 1), curlf= l(_2—4)—J(1_1)=_6i
=x+y+z,0=x24 2,
ﬁllfu xry Y42 wsyzizyy, Prove that
du u,grad v and grad w are coplanar. ‘
grat™

AKTU 2014-15, Marks 10

0
j (x+y+2)

gradu = (l§+J§+k

i+j+k

e AN "5]
d =(z—+ L (4202, .2
gradv Pl +k& (x2+y2+22)

]
=20 +2% ) +2}

ad w = (;£+ —+1; NJ +y2 +2x)
gr il e J B Y (xy +yz +2x
= (y+z)£ +(z+x) j +(x+y) }g
For vectors to be coplanar, their scalar triple product is zero.
grad u. (grad v x grad w)

1 1 1 I



c(sem)_ Cy
5—6// 1 1 1 culllg
- 9 x+y+tz Xty+tz x+y+ZR
z+y Z+x ¥+ 23R
X Z*R
1 1 1 i

1 1 1
(z+y) (z+x) ¥ +g)

=2x+Yy +2)

1 =R2]

OR
7:diveurl v = 0.

t, for every fieldV ;
‘QKTU 2015-
5-16, Mari; W

Prove tha

Let STV ko

i J k

g 0 0
then curl v= va_—a; 5; =

v, Vv, Vi
c[ovy dvy| 3 i‘h-éﬁ}%{ﬁ_m}
=I{—(§_——ﬁz—}—1{8x oz ox oy

- - 9 fov, @
div. (curl v)=V.(Vx v)= gx-{gyvl——(%}
0 [dv, c”vs} 0 [ov, v,
+ — —
yloe ox| | o
[y @) (& dv,)  (@v, 8w,
“\aty ma) Leyaz o) o @) "

Que 5.4, I Prove that div (grad r")= v? r*)=n(n+1) r*? where

r=xi +y .I +z k. Hence show that V? (l) = 0. Hence or otherwise
r

-
evaluate V x L
rt

Answer
r=xityjrzh
rP=ayyly e

ieg-1
tics
pem?
Mat 5—70
’ /”—m \\i&m.l\\,

gradr’ =1 = " +k$’"

' 2 a0r) . X
=i\ nr =5 ma0r) .
( )3 B

r? 2 +y2+ 22 \ 0z ...(5,4'1,

?
$
I

9r— = 2x =

So,

Y ¥

(5.4.1) becoraes,

o n-1X | 2
gradr'=1 (nr 1:)+J[nr"-l%)+,;(nrn.lf)
"

-2 2 LY A
nrt (x4 y) 4 zk) 2 e .

So, ed-

div(grad )= V.{nr"* (xi+y j4 4 by

A s 0 i 2 A A
’ta '——+ng.”" 2(xl+yj+zk)

,,_36]' naf"'
- xn(n-2)r 5+ Ziyn(n-2)r >

+nr" 4 z2n(n-2) _-n,A:
oy

=3nr"'2+xn(n—2)r" —+yn(n 2)r —+zn(n 9)r3
r
=3nr"-2+n(n—2)r"“‘x +n(n-2)r"*y*+n(n-2)rz

=3nr2+n(n-2)rx+y*+2%
=3nr2en(n-2)r?=@+n-2nri=nh+r

Putn=-1, we get v? (1) =0
r

r

We know that curl (u; )=ucurl a +(gradu)x

() K 1)
curl LI_J = lz curl r+(grad =) xr
r r

- 0- (2 )xr (curl 7 =0}
r

.__2..(;:)( ;):(5:0
IJ
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5-8C (Ser? ‘ Or Calcul
. . ~ l‘&
rpret the physncal meaning of cur] 3 a

Que 5&5' Inte

T | - )
retation of Curl F:

Physical Interpbo dy rotating about a fixed axis with Unifop

Consider a rigid -
velocity ) . R X .
o =0l T0J + 0,k
o .0t Plx, ¥, 2) on the body is giy. 5,
The vector v of any POt Y ° given by - e
~ _» % 42} is the position vector of P, ,
where r =X1 +yJ S
i ] k
s; =(:) x ; = |0, ©; O
x y z
R A
l J k
P a i ﬁ
curl Vv = p» 6y %

0,2-05) OX—0;Z O —©,%

f(wl+wl)— jo,-0)+ é(“’a"‘wa)

curl ; =20

- -

X v
(l)—2CUI

The angular velocity at any point is equal to half the curl of the linear
velocity at that point of the body.

B. Physical Interpretation of Divergence ;‘ :
Let us consider the case of a fluid flow. Consider a small rectangular
parallelopiped of dimensions dx, dy, dz parallel to X, Y and Z-axes

respectively.

Let v.=v,l +v ] +v, } be the velocity of the fluid at P (x,,2)

" Mass of fluid flowing in through

the face ABCD per unit time = Velocity x Area of the face

, = v, (dy dz)
Mass of fluid flowing out across the face PQRS per unit time

N
y

[ v \ :
SV s (Ao Aa)

Y Fig.55.1,

ange in mass of fluid to the flow along X'axis
ch

vx dy dz—(v aL
5 F e dx dydz

= - aid d .
. xdydz (Minyg sign showg decreage)
o the decrease in mass of fluid to t,
Slmllal'ly: ov, i e flow along y. axis
= Yy az
oy

nd the decrease in mass of fluid to the flow along Z-axis
a

0
V. dx dy dz
0z

Total decrease of the amount of fluid per unit time
_ [5Vx ov, ov

+—y+_:
0x ay Ez)dxdydz

: : ov, 0V, oy

he rate of loss of fluid per unit volume = —= , —+ . 7%.

Thus ¢ %",
T A W
it j k| iV, + jv, +hv)
ox "0y 0Oz L

>

= V.v=divv
If the fluid is compressible, there can be no gain or loss in the volume
element. Hence

divv =0 _
and v is called a solenoidal vector function.

L

Que 5.6, | Prove that :

url (FxG)= Fdive - GdivF +(G V) F -(F VG

Answer |

- . . ¢ .x =
curl (Fx@) = le?\-'(FXG)



Y%
g+ (B 2[5

=Y [(f-a g_[:,ix_i\é}rz [i-‘;\;’]i\(f.;,)a\(;]

- 36 ’f%xé—éz(f'%xi}iz(ﬁg ‘Z(ﬁ.f)a\z

] X &

=}-,:[ ;.%x‘ij_52(2-;1}+Z(§-f)‘zxi-z(;,,f)a\5

P

crl(FxG) =FdivG-GAivF +(G-VF ~(F .v)3
Hence proved.
Que5.7. I Define curl of a vector. Prove the following sy
y or
identity :
div(;x;) = ;.curl;-;.curl;

Answer l

A Curl of a Vector :
Let a vector ;«‘:Flf+F'2}'+I'},1;

Curl of a vector F is given by

i ] k
curli': VXi': i ﬁ ﬁ
ox oy oz
K F, R
curl F - [E@J J[ﬂﬁ i[9
B. Proof: & o ox oz ox o
dvwxy)= 7.9 + - (57 =)
*(uxv): T- Q o b .QX
0x 2i\G xvrux g
-y |on - [ 52
Zl (EXVJ—ZLLQ)(ZJ
0x

/

v £

u

7
mwe,naﬂ” . HIIC S,
SRS P

Ox

(s ﬂ- Yol 2 S
o ( 1_’) . . u (VXC)=(uxv).:)
. = u): - 3 = -
div(w x V)= (v ~(curly) =V leurlu) o
V)

. nd order derivatives of >
=] 1£ all s€cO of¢and y are cong;

»ﬁ ".»," g ii i v
" pwthat @ curl @ad §) =06 divieun )

tpe?
AKTUzm.m?u“ -
_?3¢ ’,‘% A%
ad¢=Vé=i—+; L4+ p B
; i o Ty o
g curl (grad §) = V x (V4)
*9d A0 9
. —_— R —_ Aa A
- 16x+13y+k62]x[—+1—+k§]
A A A 0z
i J k
_|9 9 @
Tlex oy ez
o 00 o
ox oy Oz
% %) % Po) o
=i —aﬁ———az—‘b-} jL 2 ¢J+kL ¢_8¢)=0
e ooy xoz Ozox axdy yeax
i Let ‘_;= Vlz+V2}'+V3£
i ] k{
= = 0 & 0
cuer:VxV:a-ayaz;
Vi V, Yy
=2\ %_5"2 }.(é‘_’l_ G%J.F;g/é‘ﬁ_(‘l!
&_y 0z oz ox X

div(curl V)=v.(Vx V) S
A A ~ A 3 A AV AV 4 ‘%{: ; i B Y
=(i—a-+ji+kﬁ) : [{%_fﬁ%j[f__l-c—.i@kfr‘ 5
ox ay oz ay (“'*g fé-4 X ) \ w7
_ A, v, &V, M Th
oy x| oy Oy



gmd) - Veuy,

g V )= 0

v.v : ivati
/ﬂ Find the directlo.nnl (fer w:, “: hi(x,y, s
Que 5.9 in the direction of the normg) ¢ 9
mt @4 D3 T
the Pom 4= 0 at (2! -1, 1. 8
clogz- + QQQ

Answer ' - xy2+ y23
1
AQ A 0 10
- (‘Ex‘”%*kaj (% 42

=92 +(2xy +2%) J +3y22

(Vg -1,0= ¢ +(-3)J -3k

V¢1= [ —3.} —3kt
Surface¢2=xlogz-y2+4

Normal to surface,
rd A0 20
V¢2= [l—a;+‘]5+ka) .(xlogz_y2+4)

=1 logz—2yj' +2F
r4

(Vo 1, n=2J * 2k
Unit vector normal to surface,
i= Vi,
[V, |

Directional derivative,

=Vé. 4 =(-3)-3%) . (3'”3}

V2
_ -3-3
5 =32
Que 5.10, | i irectj
%10: | Find the directiong derivative of (i,) in the direction
r

2 -
ofrwhemr={x+}y+’;z

[AKTU 2016-17, Marks ]

2 4
—_r=~
r3

2

"
4.7‘
ool
‘ Il

. be the unit vector in the direction of ; ther *
en q - ;'

2

S

~
~

Let

1
Y [y

coge o 1Y .
Directlonal derivative=V (F] - % '

, Find the directional derivative ¢
” 5!110 f(x,y’z)=x1
que by

. . = +22
point 1,23 in the direction of 3; . 4‘;.”0,; at
. .

Answer
An® f=x2+y%+22

D irectional derivative in the given direction j é .gradf

ox
— 7 0 2, .2 10
- La(" ty +22)+Jg(x2+y2+z2)
2 g
.. +k§("2+y2+22)
= 2xi+2y j+2zk

The unit vector in the given direction 3 1+4 J+10k is

3i+4j+10k 3i+4j+10%

a= =

V9+16+100 55

1 3 A A » . a
a-.gradf= g\/—g@l+4J+10k).(2xi+2yj+22k)

At point (1, 2, 3),

2 2x41 825
.gradf = —(3x1+4x2+10x3)=—==
a-gradf = 2 xBH10x3)= =

Que 5.12. | If a vector field is given by

F=(x?-y?+ x)i —(2xy+y)] . Is this field irrotational ? If so, find its
[AKTU 2013-14, Marks 05

scalar potential.




Ve

CtOr Q
al
gucEem? U

Amswer Foa-y Dl @Yy

tional vector field, curl F =0
ta 0

Fortheirro lA
- 0
cuﬂ;‘:Vx F= ox

(x*-y* +x) (= 2xy - )

" 0 - P
=i[0-52—(—2xy—y)J J[O g(xhyz*x)J

il 0oy O
+k[ax( 2xy y)_a(xz\y2+x)]

=0-0+k -2+2)

Q)IQ) <o

k
2]
0z
0

e
V=Vx F= 0
Hence the field is irrotational. i
Scalar Potential : We know that F =grad ¢
F.dr=ve.dr |
’.‘a¢ ':_ai A@)_ dx‘.‘ d - .
=[lgx-+.]ay+kaz (dxi+ y-]+d2k)
= a_¢.dx+@d +@d2 =d
T o oy Y oz )
do=F.dr

do=[(? -y +2)i -(2ay+y)]].(dxi +dy] +dzk)
= (? -y +x) dx — (2xy + y)dy
= (&*+x)dx - (v’ dx + 2vy dy) — y dy
= (W +x)dx - d(x y?) - y dy
xa x2 . 2
or b= 3 +?—xy —?+c

818, | A fluid motion i givenby

VROt en) foies 9 k. Show that the motion is irrotational

and hence fing the velocity Potential

| AKTU 201516, Marks 05

4 J
o 0
Tl oy
y+z zZ+x x+y
= 1-1i

-(1-1J] +A-nk 3

o . irrotational‘

Heﬂce&v;he corresponding velocity potentiq) g, consider tpq following
fin
Tolation' ) |
" e % o
% —dy+—+d:
b= 5% Y%
> 09 A'@ b @] 2 3 .
= (l‘a;'f'.]ay‘f'kaz .(zdx+_) dy+ kdz)

: “a > a = - 5
= |—=+j—+k—|0dr= e
= (ax+-]ay+ &]¢ r V‘hdl‘—v.dr

- [(y+z)f+(z+x)}' ++ k1 de s
= (y + 2)dx + (z + x)dy + (x + y)dz
=yde+zde+zdy+xdy+xdz+yd,

- I(ydx+xdy)+](zdy+ydz)+](zdx+xdz)

d=xy+yz+zx+c
Velocity potential = xy + yz + zx +¢

}dy+£dz)

Determine the value of constants a, b, ¢ if,

2 =(x+2y+¢u)‘: +(bx-3y-2)Jj +(4x+cy+2z);¢ is irrotational,
|AKTU 2017-18, Marks 33|

F = +2y+az) i +(bx-3y-2)] +(dx+cy+2)k

Itisgiven that i‘ isirrotational i.e.,curl F =0
i J k
0 9 9 =0
ox oy oz

x+2y+az bx-3y-z 4x+cy+z



1
-

i-t4-0)j+6-Dk =0

+1=0 = €=~
NOW»Z_a=0 = a=4
=2

b_2=0 = b

PRI Find the unit tangent vector at any Point ¢ the
ue 5.10.

. . Cy
= 2t%- 6t, where  is any variab]e Al e

=4t-5,2=2t"-61, : * 480 det,.
fhﬁ;ii’tyangent vector at the point £ = 2. termy,

(c+1)

Answer
If 1 isa position vector fr point (x, , 2) on the given curys, then

r=xi+y+zk= (t*+2); +(4t‘5)}+(2t2~6t)1;

The vector 2 5 along the tangent at (x, y, z) to the givey curve
dt '

-

ar 4 (4t-6)k
dt
dr :
—I = (2t)" +4° + (4t -6)?
ld, 20
= 201" - 48¢ +52 = 2,/5¢* 127 +13
" The unit tangent vector,
r )
Foodt _ti+2j+(2-3)k
dr 5t -12¢ +13
dt
Unit tangent vector att=2js,

22+2]’+(2x2_3)1; .
5x4-12x2+13 =§(2i+2j+k)

Que 5,16, l A particle move

whiere? sonthecurvexaztﬂ,y-_-t”—4t,z=3“5’

is the time, Fing the

at ti . Componentg of velocity and acceleratio?
Mme¢=1in the directiopn i- 3,;' +2k

f

5-1
matics -1 \7?1%.“
e
M’—\
gﬁ’%l ition vector for a point (x, y, ;)
~ jsthe position ¥ 2) onthe cyry,, then
r 5 .. : .
g P = ’”+y”2k=2t2t+<z2-4z)j+(at-5;iz
Cr o ati+(2t-4)]+30
Velocity, dt
(47) L
ari _4i-2j+3%
4
t=1
: ii =4i+2]
Acceleratio gg?
)
2 - -~
(@r) 4i+2]
L dt’
t=1
.+ vector in the given direction i -3 j+ 2k
The unt ST
i-37+2k _i—3j+2k_ﬁ
T Jeae2 4
The component of velocity in the given direction
e
r s 0% ap L-3]+2
dr - (4i-2j+3k) 22
-Et—. n= (4i 2j+ \/]I
(4+6+6) 1614 _8/14
=T e 147
The component of acceleration in the given djrec ionis -
d’r . i-3j+2 4-6_ -2 -l

PR A M v T TR
1 7 3 B = i -2k
Que 5.17. | If A = (w2% +2y) - 3xzk) and B = (3xzi +2y3

Find the value of [Ax (V x B)] and [(A x V)x Bl.

AKTU 2016-17, M{r_‘f?ﬁ
Answer I
1

[Ax(VxB)]

0



e

[
Vect 3 1
1) Or tics
18C (Se™ .. al ‘ P8 519
i Pk 2y, P’ Bem.y,
o, a2 2
vxB =20 5 o | [ntegral, Surface Integral, Vol |
3xz 2yz —Z : L"ilsergence Theorem, Green’s Theorey, Sntt;fgr’al' Gaugys
{ . & 4 s
oz _ o2y a4 3 D (without proof) and their Applicatigy, O
== g || T~ %y : )
Oz
A 6(2 . . .
+k [\yz) a ] : Any integral which is evaluateq
‘ . ) o (";;z) gr al. Let F(t)b? acontinuous vector m{:}:“ﬁ?:c:_“rveis \
= i[0-2y]- J[0-3x] + k[0 - 0] point of a curve C in space. Let us divide the C\IrVe‘(gI;?;ﬁned ak ‘.\
=9y [ +3 j+0Fk eVt he points- a
S A=bpty bt t..t =B \
i | - " n \
_ - ,R gesesssasesesenens IR L ,R"prS]tlonv ct \
Now [Ax(V x Bl=|x2* 2y -3xz andlet R°£;, pozint on the arc til,l t.. Then limit o?t}?: ol boints. |
1 P, be ' sum
-2y 3x . 0 Let &
= i[o +?x221 - J10-6xyz]+ ki3x2? | 4 )
= 9x%21 +6xyz j+(3x°2% + 4y%)f

i i‘(P)-Sﬁi’Where 8§i=ﬁi—ﬁi—l
i=1

il. [(/ixV)xl-?]

a A

\\
psn o and every | &) - 0, it exists,is called aine integral of F

along C and is denoted by \
N > dR | \\
- _ x2? 2y -3xz ]deﬁ or IF-—det \\
AVl 2 0 ! e | |
o oy oz Line integralis a scalar quantity. . ,

5 - rk Done by a Force :

i} i[a(Zy)_a( 3xz)J _ j["‘xzz’_m Wo
0z ay oz B

+ E[—\a(fzz) _ 92
) ) oy ox
= i[0+0]- j[2xz + 3z] + £[0 - 0]

= 0f - (2xz+32) ] + OF

A

The work done by force F during displacement from A to B is
B _, -
[ F.dR-

A
Surface Integral : Any integral which is tobe evaluated over a surface
i it

is called a surface integral. Surface integral of a vector function F over
i = J k the surface S is defined as the integral of the componeﬁts of F along
(4xv)xB) = | o -(2x2+32) 0 the normal to the surface.
3x2 2 Y2 = 22
= [zz(sz +3z)- 0] ; -

5 Component of F slong the normal =F.i
: 0-01;+0+ 3x2(2xz + 32)) k

- 3 y iy

= @2’ +32)i 4 gyt +9x2%) b

where A is the unit normal vector to an element ds and

n= BN
~ |grad f| )

D

Pk

y gy
] u'mf'o?"fsml e



. then‘ } is said to be a solenoidal Vect
= ’ Or po’

Note:Ifff(i'-’;)ds i

function.

Green’s Theorem ¢ .
fﬂ, %2 be continuous functions ove, .
Tegiop R

i ) B (x,y), >
bounded by simple closed ¢

urve C in x-y plane, then
oF, _ E)

§ ke Ey) =[] (-5 )

c

Stoke's Theorem : Surface integral of the component of gy 7
along the normal to the surface S, taken over the surface § boundeg

by curve C'is equal to the line integral of the vector point function p

taken along the closed curve C.
t’ﬁ}?‘d; = ﬂcurlﬁ.ﬁds
c s

Where 7 is a unit external normal to any surface ds.
A= cosaf+cost+cos yIE
Gauss’s Divergence Theorem :
Relation befween Surface and Volume Integrals :
;I‘ahkeeiuia:)ce 1(xixtegrlal of the normal component of a vector function F
divergenceunfpa closed surface S is equal to the integral of the
o F'taken over the volume V enclosed by the surface S.

Mathematically, J‘ f Frds= j f div f') dv
s v

TR e e S o
Type and Medium Answer T ki '

field is given by F ... »
A] A veer” al over the cir. ); s“‘3’l+x(l+cogy,_;-
o the line integr cwlar path givep byxz, Y=q
e = ’

etric equations of the circular path are - Qcost,ye g
»J=asintg,

The P ¢ varies from 0 to 2.
i 2icle moves inxy plane (z = 0), we take
per r=xi+yj

d;= dxi+dy ]
4‘,}(1; = 95[sinyf+x(1+coSy)j],(dxf+dyj-.)
Cc (o]

= <ﬁsinydx+x(1+coSy)dy

. C

= (ﬁ(sinydx+xcosydy)+xdy
(%

c

= <ﬁ d(xsiny)+(f> xdy
c

X

Sy

2n 2z
= I d(acostsin(asint))+ | acostacostdt
0

92

= [acostsin(asin?)f +a*

2n
_ azj‘(l_tioﬂjdt:“ [H

cos’t dt

S e—

= | 5

= 2 (2n) =ma?

. Que5.19. I‘Evaluate‘[ E‘.d;,where F=(x*+y)i-2xyjandCis
C

b,x=0.

the rectangle in the xy plane bounded by y = 0,x=a and y = ’
AKTU 2013-14, Marks 05 |
Answer |

[F.dr= [ F.dre, Fudre[FdrefBer

. -
4 oA



23 C (Sem-1)

fv_d;=(x’+y2)dx—2xydy -

=0,¢”=0,yfl‘om0tob
AlongAOg,;: b, dy = 0,x from 0 to a
ﬁgngC:x=a, dx =0,y fromb to 0

Along CO y=0,dy=0,xfromatoo

- b 2 0
Fodr=[0+] GP+0%)ax [ _
!F r ! ! +{ Zuyay,

_ |2 " 1
i
3

=2 ab?
er
b)A > =
0,5 | @ b) y=b
X = 0‘ 4 x=a
00,00 y=0 C @0 =X

Evaluate g (yzi+zx,;'+xy k) .ds » Where § j5 the

surface of the sphere 2*+ 5?1 2% = g2 i the first octant,

[AKTU 2014-15, Marks 10

O=a4y2 45242

= &-2xi+2yj+2z£_xf+y}+zl;

V4] Vax2 1 4y? 1 4,7 .
A=y“'+zx}'+xyé
, Ads Vitayztayz  gyy,
a ———
A & & Qa
Rbe Xivyli,, g
I Tk
Ahqs a
.sj do=[[ 4 ;dxdy
R A

5

n‘latics -1 % (s“\-l)
pe 3 dx d: )
' = |f xzz (z/_‘ay) =3{f xydxay

- 3 dydx=3f =
3!) L xy dy dx 2£x[y2F
3% [a® - 3

= E‘!) x (Va? —x?)dx Esox(az N
3 a’x’_x‘Y_B at o) 3
2| 2 a4 0‘5&3 A‘ga‘

-

2 _ 7= A'—4xic, =
i b
0“05 _0,y=0,z=0,2x+20+2=4-

[{ﬂ+}§;+ ]}%).l(2x2—32)i—2xy}—4xfc\ =%
& dv:dxdy dz

2  2-x 4-2x-2y

m v.Fdv= f j

v.;'=
2x dx dy dz

5 2xdxdylz'r—’.‘x—'.’_v
0

= 25 [4xy -2x*y —xy* ™ dx
0
= 2][4x(2-x)-2x2 (@ -1)-x (2-x}dx

0
2

= 2§ (x* - 4x* +4x) dx
0

|

(%)
r—-—""‘l
IR
|

|

®

o
+

N

®

~
—
1
o | oo

' Qﬂemg; If A =(x-y)i +(x+y).§ , evaluate @CA-d’ around the

- "rve C consisting of y=x*andy*=x. \T‘m‘“ e Mj}hﬁ‘ﬂ

_,
Y

s YL

vt &34



5-24C (Sem-1)

= iy
A

A—(x—y)l +(x+y)

@A dr = g')(x-y)dx+(x+y)dy

y= xzandy2=x

Yy #%=y

02 \ y2=x
Aq, 1)

Cl

C consisting of

Fig, 5.22.1,
§4dr = §Rd? s §ha?
¢ =§)A.dr+(f>A-dr
(5] C2
Along C,, y=x
dy—zxdx
Ad =
g: ; J’(x x )dx+(x+x2)2xdx
= dex—x2dx*'2’52dx+2x3dx
0
1 .
= [(+2? 4243 gy
1]
3 47t
- |x X X 1,11
— 4 =oTq Ty
(X ERN
. 0
>
4’>A~dl &
1 3
NowAlongC X=y%dx =9y g
Ady . o
rs
: !(y =¥)2ydy +(y? +y)dy

0
. 2y%q 2
“ '1[ VoYidy+ydy = f(2y -y 2y ydy
1

tbeﬂ”’tics : 5-25C (Sem.1)
¥ [y_y_y_]“ ["“}
2 3 2 ) 2 3 9 =-§
Thu$ c AL

/}31 Verify Gauss’s divergence theorem for the functio
5.4 '
[ '

;'4.11"’9"

)”J

221 +2 zJ +yzk

} over unit cube.

=yl
\

- ro };a
v-F = ‘55“5‘“ P (’“+Zj+yzk)

o 111
[vFdv=[[] (2 +y duyd:
000

j(Zx + )2l dxdy
0

1

{ \!

:[[ny+—i} dx=: L2x+%} dx=(x2 +§T ___g_
Now to evaluate H F-n ds. where S is the surface bounded by the six
surfaces of a unit ;ube
Over the face OABC, z = 0,dz=0, n=—k ds = dxdy

J.J.Fnds j j(x”i+:j+yzk) — k) dxdy :ij yzdxdy
(;» 0 )

o0
[ 2=0

Over the face BCDE,
y=1,dy=0, n :_j: , ds = dxdz
- A 11 A N N . ’ X v .
”F'n ds = I j(.r"'i r2j+yzhk) Jdxdz- }! -dxdz
S 00

1

2 ll )
= J({\ {~—l )J [x]] 5

0

lu\.....

Over the face DEFG,z=1,dz=0, ' = k. ds = dxdy



I Cy
1
k
!-(le+zj+yzk)( ) dxdy = Hyzdxdy “

VeCto

5

1
H nds !

1 z’ 1 .

Julg]3leget-]

0

=——i.ds=d

overthefaonCDG, x=0,de=0, n=-i, ydz
“(x;+zj+yzk)( i) dydz = “ Py
| [

. !
0, n=-J,ds=dxdz

= 07 dy =
Qver the face AOGF,y + 7

|
|
eI 0,1) D

A
,/(1,0,0 B
* Fig. 5.23.1.

. [[Fnds =fjl(xﬂi+zj+yzé)-(-j)dxdz=H-zdxdz
00 00 .

S

I P Exl D PO E
BRI

0

Over the face ABEF, x =1,dx =0, n.= 1, ds = dydz

2o 4 A A A A
gF-n ds = !(xzi +2j+yzk) (i) dydz

C—— ©—

1 1 .
Ix2dydz = Idy [Z](l) = J‘dy = [y]l =1

0 0 . 0

Thus required surface integral i [ x=1]

Hl?";lds= 11 1
; °+§+5+0-5+1=§

R |
mwﬂdv‘ J[Fnds

Thus Gauss’s divergence theorem is verifieq.
ncé
He 1 yerify Gauss Divergence theorem g,

: g4’ ” + 2k]n ds where s denoteg th
e lurfm
of cube

'dedbytheplane” =0,x=a;y=0,y=0;,2

pov®
AKTU 201617, Mariy 55

yZ:a’

(2%+}-§+k J[(x —y2)i— 2xyj+2k]dxdydz

|}

1}

n
Ot & Ot O =m0

|
0
i(ﬂxz - 2x%)dx dy dz
0
|
0

!
!
!

2 dxdydz= j'quz [z2lidydz=a ﬁxzdy dx
00 00

L] &
=a£ Z[ylodx a J‘xzdx a2{3]0=% ‘5241)
Taking RHS
= [[F.nds

) HOABCF-;ldS-F BCDEF";ld3+jIDEmF-ﬁds+Ijoch.ﬁds
+f] o Fonds+[[ o Fonds 524
Now, over the face OABC, z=0,dz =0, n =- j,ds=dxdy

Ifmcp-;lds = ﬁlx“f-2x2y}+2él-[—£]dxdy=ﬁ- 2dx dy
00 o0

= —2}[}']; dx=—2ajdx:_20{xl: --9g!
¢ 0



~ Vecto
0 r Calc‘llu&
(Sem-
s 009 , D
] Y
Y »>Y
/’ 0, a, 0)

E _ A= 4 do =il do
Over the face BCDE,y =8 dy=0,n=J,

ﬂm F.nds = H[(x _az)i-22"a j+2k] jdxdz
= [[-2x* adxdz
!! X a

= - 2aix2[z]3dx =—2ax afxzdx =—9q? [x:I
0 0 3

@ 25
= - —=-—a
24° ><3

3
Over the face DEFG,z =a, dz =0, n= I;,ds=dxdy
([, F-ms = [[ie* - ay)i - 26 j + 2k k dx dy
DEFG 00

- [Jadvdy = 2flyldx = 20 dx = - 20° ]
Over the face OGDC, x = 0,dx = 0, n = — f,ds=dydz

waf'.ﬁds = ﬁ[(— yzf+ 2k)- (1) dy dz =ij2 dy dz
00

- 22 a a a2 y2 a a4
'!;[2J = Iydy_-7[?] =7

0
OverthefaceAOGF,y =0,dy =0, n=—j‘ ds =dx dz

5-29¢ ‘Sem.l,

= iilx3;+2’;](—})dxdz=o

ABEFx’a,dx=0) ;l=£,d3=dydz
ce

hds = ”[(a —yZ)HzayJ*%lldydz

00

o0

I(a3 - y2)dy dz
0

[a } I[a4-y£}dy
0 0 2
2
@'y = y2x2 aa-a g o]

4

\

=d° 5_a°
= a 2)(2 P
in) ganthesevaluesmeq (5.24.2), we get
ut ”
No? nds:-za —ga +2a? +_+0+a _111
IIF' 3 4 .
T s 2 5_305—2a5
—d-—a =
= 3 3
ab

.(5.24.3)

3
From €d- (5.24.1) and eq. (5.24.3), we have

J’HV de-IF nds

Hence verified.
Que5.25 I Use divergence theorem in cartesian form to

evaluate Hx dydz+ydzdx+zdxdy, where the surface s is the

sphere * +y+2i=a’
Answer I
F1=x,F2=y,F3=z
| xdydz+ydzdx+zdzdy
S

:If(xf+y}+zl;)(fdydz+}dzdx+l%dxd_v)
S

) m [aF = BF \dx dy dz (Using Gauss Divergence theore
oz }

v




5—800 (sem-l) Vth()r
Cy
3 m (l+1+1)dxdydz=3mdxdydz = 3 (Volumg oty by
v
- f) o =4na
s(3)

GEeTER] Verity the Greens theorem (o find g

' ' . iy

I (@y* dx+3% dy), where C is the boundary of the cloy %'l
eq

[

boundedbyy=xandy=x’.
Using Green’s theorem
0 o o 5
£2y2dx+3xdy= ﬂ [-5;(3.17)—5(2}: )dedy
A\ py=x
1,1

c <—x2=y

- 88
0 3 30
Verification of the Gre n’i Tl2|eoren? 0

o[

2 2
£ ydx+3xdy=oL(2y2dx+3xdy)+I (2y* dx+3xdy)
Along 0AB,y=}c’, dy = 2 dy e
Along BCO, Y=x,dy=dy

s 531C (emy 1,
g ———
ne? . —
e = | [2x* +3x (2x)]dx+j (22 43y 4.

A

Q“‘W  square formedbylinesx=21,y=4,

s

5 i-Iel'e

1

1
|
5 1
= \:_Zx_+2x3} + E+£
5 , | 3

2

verify Green’s theorem, evaluate j B +xy)dsy (x4 Yidy

er sed curve C consists of straight lineg AB,BC,CD
the clginates OfA7 B, C and D are (_ 1, - 1), (1, - 1)

pere €7 . 3
espectively:
(Iglblr)eZn’s theorem, we have
y

and DA
» (1, 1) and

? 4 ‘
Ijn[a(xz + yz)— g(xz +xy)}dx dy -(5.271)
e

= IIJ 1 ,xdxdy =I_llx(y)‘.1dx

Yo

(:c2+9.‘.)')d3"+("2 +y'y

= I_ll2x dx =0 (5219

Now we evaluate LHS of eq. (5.27.1) along AB, BC, CD and DA.
jc(xz +xy) dx + *+y)dy = JAB(x2 +xy)dx+ (2% + yH) dy+

IBC(xZ +xy)dx +(x° + v dy

2 2, .2 2 2,4
+]CD(x +ay)dx+(x" +y )dy+[DA(x +xy)dx + (x° + ¥ )dy .
w3}

Now along AB,y =—1anddy =0

- e x3 I\"n
4 j'M(x2 +xy)dx+(x2 + yz)dy = J'l(x2 —x)dxl[”s_ Y :

_[_1__1+1+1]=2
“1l3 2 3 2/ 3

Along BC, z = 1 and dx = 0 |
1 R ; \;1.:
“fpe® Haydde+ (2 4y dy = [(Leyhdy s vy

D AR |
1

e ——



it

hig!

e
-

W
. =
A-1,-1) é/// BQ1,-1)
mi

Along CD,y=1anddy =0

+

-1 3 971
. 2+ y%)dy = (2+x)dx=[i x
- ICD(xz+xy)dx+(x +y°)dy {x 75

1

AlongDA,x=-1anddx =0

-1 371
IDA(x2+xy)dx+(x2+y2)dy = I(1+y2)dy=[y+y :’
1

, 1
1 1 8
=|-1---1-2|=_2
1312
Now from eq, (5.27.3)

-(5.27.4)

) verifies the Green’s theorem,

3
Equality of eq. (5.27.2) and eq. (5.27.4
Que 5.28, I Verify Stoke’s theorem for

F-(y—z+2)f+(yz+4)}—le§
over the surface of acube x = 0,y=0

XOY plane (open at the bottom),

$F.ar
!

,z-0,x-2,y-2,z-2abovethe

[AKTU 201314, Marks 10|

=ly-z4+9);, Y2+ 4)j - (e2)h G e o jdy+kdz)

d; - (y—Z+2)dx+(yZ+4)dy-]zdz

=)

~ )
)

[ e— Qo

=
&

Bc

dz=0and x Variesfrom 00& 9
dz=08ndyvariesfrom0t02.
dz=0andxvariesfrom2t00'
dz

=0 and y varieg from 9 to 0,

W Ao quen
S

© o

N NN

p—o 1 N I n

RS o

UL | 1

L
n

0,

%
=N
Y
W o
e N
£ o
+
Q\—\n&‘

0
sdy+ 4dx+£4dy =4+8-8-8 ._,
ik
8 8 ) o
& az| Yit-Djoi
y-2+2 yz+4 -xz

i
9
curl F=| 5

will be about five edges ABDE, OCGE, BCGD, OAEF, DEFG.

mwg,gtion z

2,0, 2)

2,0,0)

»—p
22,0
Fig. 5.28.1.

On ABDE fi=1i,ds=dydz (x=2)
n

((oxF)ids = [[-yayaz - -]

0

Py

ydyd2=-4

& Sty 1

On OCGF, n=-;,ds=dydz (x=0)

22

jj(in‘).ﬁds = [[ydydz = [[ydydz=4

00

A= },ds=dxdz(y=2)

II(VXi'z').ﬁds = H[—yfﬂz—l)}—l&]]dxdz

On BCGD,

22
= j (z-1)dxdz =0
00

OHOAEF, ﬁ=~j)ds=dxdz7(y=0’

s <



-1)
5-84C (Sem Vector C

22
P n = - ( —1) dxd =
H(VxF).nds qu 2=0

On DEFG, i=k,ds=drdy,(z=2)

[[(vxF).nds= leviv @Dk ay g

22
'ﬂdxdy=_‘[jdxdy=_4
0

Thus, [[ourl F .7 ds = §f‘.d;=—4+4+0+o_4=\4

S c
Hence Stoke’s theorem is verified.
Q?ﬁa é.ﬁg Verify Stoke’s theorem F= 2+ Bx-zy_y
ABC cut from the pl n
thetnangle cu m epanex+y+z_1bythec°° _°"°r

planes. AKTU 201617 te
) Marka 0

-.(6.281)

Al°ngAB’z=0’x+y=1»y=l—x,dy=—¢ix¢md Fealag)

Fdrs [lyivajety-spb)(ides |
4'[; dr_A_L[2yz+xj+(y—x)k](ldx+jdy)

= [2yde+ady = [ 20 - m)dv + x(-an)
AB AB

(v y=1l-xanddy=-dv
= I 2dx—2xdr_xdx
AB

y 5-35C (Sem-1)
lﬂaii‘y Lower hnut’ 2x _]0 9,3_-1
e J’ (2-3xdx = 272
of A -
20y +2° A opn »
Bc,%’ _ J‘[(Zy+z)i—zj+yk](1dy+kdz)
»0115 I F dr= BC
© o I — zdy + yd2
5C

—(1-y)dy+ y(-dy) = I -dy+ydy- ydy
BC

r linﬁtB: 1, Upper limit =0l
_BC, o™
[F"’hnep f dy = [k =0-CD=1

0’ ;z_lpx_el_z,dx:—dzand F=xi +zk
~0,% - A2 a

Ay OE T e i xhldx + Bd2) = [ 2dx - xds
ook [Fdr =] [lei+(e=2) CI,,

é J’_zdz dz + zdz = j dz

[ (1-2dz= o
o CA,lover hmlt 1, upper limit = 0]
0
[For =I—dz=-[l]f=—[0—1]=1
1
i‘.d;, F.drand F.drineq. (5.29.1), we
pting the value of AL BIC i
have
5 M e 3
[Fdr= disr=2 .(5.29.2)
ABC 2 2
i J k
- - - a 6 6
|F=VxF=| — — —
Now, curl F xF o > p

|
2y+z x-z y- 1|

:;[ﬁy—x)_ ﬁ(x-z)}_ J:[é(y —x) d2y+ z):l . i{c‘(:-— 2 A2y+ z)]

] éz o oz ox &

il J-1-114h[1-2] = 2i+2j-k
Quation of the plane ABCisx+y+z=1
"malto the plane ABCis



Normal unit vector, 1 =

Now taking RHS .
Fonds = [[(@+2i-h | LItk 4
[[,corl F-nds Il 73 T A.dy \
. \/§l+1+k).iej
(2+2 l)dxdy
H 3-dedy
\/5 .
=3 x area of AAOB

= 3x % xrl;g 1= §
From eq. (5.29.2) and eq. (5.29.3), we have
I i‘.dr = chrl i‘nds
ABC S
Hence Stoke’s theorem is verified.
Que 5. 30. I Verify Stoke’s theorem for F= =(x+y )z 2
around the rectangle bounded by the lines x = + a,y=0

AKTU 2017-

2 talke,
h Y= b,

18, Mal'kg 35
AKTU 201415, Marios

ll "

OR
If F = (x*+" i - 2xy j, then evaluate the value of j I F.dr

I AKTU 2016-17, Marks 03
Answer |

Let C denote the boundary of the rectangle ABED, then
§F.dr = § I+ y)i-22y jlGidv + jdy)
¢ [(x* + y*)dx - 2xy dy]
The curve C consists of four lines AB, BE, ED and DA.
Along AB,x=q,dx =0 and y varies from 0 to b.
Lul(x +¥")dx - 2xy dy] = J'o ~2ay dy=—aly*} = - ab’

(5300
Along EE,y = b, dy = 0 and x varies from a to —a.

a

2 :
L'a(:c2 +b")dx =[% + b’xL

IBE - _—E——2ab‘ .(5.30.2)
-0and y varies from b to 0.
2 [(2ay dy=aly') = -ab* .(5.303)
prt Hdx ny ¢ from —a to a.
@+ and x varies fro
oy y=0 = (5304)
plové _odxdy) = )., 3
[ 2+y (5.30.2), q- (5.30.3) and eq. (5.30.4), we get
".IDA (53 1), ed: 24° 2ab” - ab® +_2_;=—4 b?
Addjng - d—' = ab "'3'__ 3
‘f’cF e ..(5.30.5)
i ik . .
> 0 o £=(—2y—2y)k=~4yk
curl F = | 5 y 0z
Not P+y: 20y 0
ek
For the surface S, s
curl F.n=-4ykk=-4y
°* -4 dxdy=j'b—4y[xli‘ dy
H curlF-"ds = Ioj—a— Y 0 “
S

..(5.30.6)

i

2
Yy _ 2
~8af ydy=- 30[;1 =—4ab

The equality of €q (5.30.5) and eq. (5.30.6) verifies Stoke’s theorem.
e e ?

y
A

E(— a, b) y= b B(ﬂy b)

/ s
? / S
L) / -

./ =/j —e X
D(-a, 0) y= 0 Ala, 0
Fig. 5.30.1
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